Introduction Logics and prenexability Properties of logics, problems

Godel-Dummett Predicate Logics and
Axioms of Prenexability

Vitézslav Svejdar

(partly in cooperation with Blanka Kozlikova)

Dept. of Logic, Faculty of Arts and Philosophy, Charles University,
www.cuni.cz/~svejdar/

Logica 06, Hejnice, June 2006

Vit&zslav Svejdar, Charles University Godel-Dummett Predicate Logics 1/12


http://www1.cuni.cz/~svejdar/

Introduction Logics and prenexability Properties of logics, problems

Outline

Introduction: What is Godel-Dummett logic?

Logics and axioms of prenexability

Properties of Godel-Dummett logics, problems

Vit&zslav Svejdar, Charles University Godel-Dummett Predicate Logics 2/12



Introduction Logics and prenexability Properties of logics, problems

Godel-Dummett propositional logic BG

Semantical definition

Vit&zslav Svejdar, Charles University Godel-Dummett Predicate Logics 3/12



Introduction Logics and prenexability Properties of logics, problems

Godel-Dummett propositional logic BG

Semantical definition
Truth values are numbers from the real interval [0, 1];

Vit&zslav Svejdar, Charles University Godel-Dummett Predicate Logics 3/12



Introduction Logics and prenexability Properties of logics, problems

Godel-Dummett propositional logic BG

Semantical definition

Truth values are numbers from the real interval [0, 1]; truth
function of implication — is the function = where a= b =1 if
a < b, and a= b = b otherwise;

Vit&zslav Svejdar, Charles University Godel-Dummett Predicate Logics 3/12



Introduction Logics and prenexability Properties of logics, problems

Godel-Dummett propositional logic BG

Semantical definition
Truth values are numbers from the real interval [0, 1]; truth
function of implication — is the function = where a= b =1 if

a < b, and a= b = b otherwise; truth functions of & and V are
min and max;

Vit&zslav Svejdar, Charles University Godel-Dummett Predicate Logics 3/12



Introduction Logics and prenexability Properties of logics, problems

Godel-Dummett propositional logic BG

Semantical definition

Truth values are numbers from the real interval [0, 1]; truth
function of implication — is the function = where a= b =1 if
a < b, and a= b = b otherwise; truth functions of & and V are
min and max; tautologies are formulas with value 1 under any
truth evaluation.

Vit&zslav Svejdar, Charles University Godel-Dummett Predicate Logics 3/12



Introduction Logics and prenexability Properties of logics, problems

Godel-Dummett propositional logic BG

Semantical definition

Truth values are numbers from the real interval [0, 1]; truth
function of implication — is the function = where a= b =1 if
a < b, and a= b = b otherwise; truth functions of & and V are
min and max; tautologies are formulas with value 1 under any
truth evaluation.

Properties

Vit&zslav Svejdar, Charles University Godel-Dummett Predicate Logics 3/12



Introduction Logics and prenexability Properties of logics, problems

Godel-Dummett propositional logic BG

Semantical definition

Truth values are numbers from the real interval [0, 1]; truth
function of implication — is the function = where a= b =1 if
a < b, and a= b = b otherwise; truth functions of & and V are
min and max; tautologies are formulas with value 1 under any
truth evaluation.

Properties
e Axiomatized by intuitionistic Hilbert-style calculus enhanced
by the prelinearity schema: (A— B) V (B — A).

Vit&zslav Svejdar, Charles University Godel-Dummett Predicate Logics 3/12



Introduction Logics and prenexability Properties of logics, problems

Godel-Dummett propositional logic BG

Semantical definition

Truth values are numbers from the real interval [0, 1]; truth
function of implication — is the function = where a= b =1 if
a < b, and a= b = b otherwise; truth functions of & and V are
min and max; tautologies are formulas with value 1 under any
truth evaluation.

Properties
e Axiomatized by intuitionistic Hilbert-style calculus enhanced
by the prelinearity schema: (A— B) V (B — A).
e FMP,

Vit&zslav Svejdar, Charles University Godel-Dummett Predicate Logics 3/12



Introduction Logics and prenexability Properties of logics, problems

Godel-Dummett propositional logic BG

Semantical definition

Truth values are numbers from the real interval [0, 1]; truth
function of implication — is the function = where a= b =1 if
a < b, and a= b = b otherwise; truth functions of & and V are
min and max; tautologies are formulas with value 1 under any
truth evaluation.

Properties
e Axiomatized by intuitionistic Hilbert-style calculus enhanced
by the prelinearity schema: (A— B) V (B — A).
e FMP,

o G, for m > 2, is the extension of BG where only m — 2
intermediate truth values are possible:
BGC ... CGs CG3C Gy,

Vit&zslav Svejdar, Charles University Godel-Dummett Predicate Logics 3/12



Introduction Logics and prenexability Properties of logics, problems

Godel-Dummett propositional logic BG

Semantical definition

Truth values are numbers from the real interval [0, 1]; truth
function of implication — is the function = where a= b =1 if
a < b, and a= b = b otherwise; truth functions of & and V are
min and max; tautologies are formulas with value 1 under any
truth evaluation.

Properties
e Axiomatized by intuitionistic Hilbert-style calculus enhanced
by the prelinearity schema: (A— B) V (B — A).
e FMP,
o G, for m > 2, is the extension of BG where only m — 2

intermediate truth values are possible:
BGC ... CGs CG3C Gy,

e AV B is equivalent to ((A— B) — B) & ((B — A) — A).
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Semantical definition

A formula ¢ in a multi-valued structure J under an evaluation
of variables e has a truth value J(¢)[e] € [0, 1]; quantifiers

V and 1 get evaluated using inf and sup; ¢ is a logical truth if
J(¢)[e] =1 for each J and e.

Properties

e Axiomatized by the propositional calculus for BG plus
S1: Vx(¥ V o(x)) — ¢ V ¥xp(x), x not free in 1.
e FMP is not true. Consider, e.g., 3x(3yP(y) — P(x)).

e An infinite truth value set V may determine a logic different
from BG and and also from all G,,. Thus, it makes sense to
define multi-valued structure based on a set V' and the notion
of logical truth of a set V.

Vit&zslav Svejdar, Charles University Godel-Dummett Predicate Logics 4/12



Introduction Logics and prenexability Properties of logics, problems

Prenex operations, a reminder

Prenex operations are the following equivalences, x is not free in 1):
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(¥ & Ixp(x)) = Ix(Y & ¢(x)),
(¥ V Vxp(x)) = Vx(¥ V (),
(¥ V Ixp(x)) = Ix(Y V (),
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Prenex operations, a reminder

Prenex operations are the following equivalences, x is not free in 1):

(1 & Vxp(x)) = Vx(1h & ¢(x)),

(v & Ixp(x)) = Ix(1) & p(x)),

(¥ VVxp(x)) =Vx(¥ V p(x)), note that < is the schema Sy,
(¢ v Ixp(x)) = Ix(¢ V ¢(x)),

(1 = Vxp(x)) = Vx(¢p — ¢(x)),

(v — Ixp(x)) = Ix( — ©(x)), let — be called Sy,
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The logics we consider

Definition

(a) Let S2G be the logic BG plus the schema S;:

Sa: (¢ = 3xp(x)) = 3x(¥ — ¢(x)),

let S3G be the logic BG plus the schema Ss:

Szt (Vxp(x) = ) — 3Ix(p(x) = ¢),

let PG be the logic BG plus both S, and Ss.

(b) Let G; and G| be the logics of the truth value sets
Vi={1}u{l—%;k>1}and V| ={0}U{%; k>1}
respectively.
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Properties of logics, their relationships

Theorem (Basic properties of S2G)

Over BG, the logic S2G is equivalently axiomatized by

Ix(Typ(y) = @(x)) or by Vx(Vy(p(y) — ¢(x)) = ¢(x)) = Ixp(x).
Its characteristic class is the class of all truth value sets where no
value except possibly 1 is a limit of lower values.
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Ix(Fyp(y) — ¢(x)) or by Vx(Vy(p(y) — (x)) = p(x)) — Ixp(x).
[Its characteristic class is the class of all truth value sets where no
value except possibly 1 is a limit of lower values.

Theorem (Basic properties of S3G)

Over BG, the logic S3G is equivalently axiomatized by

Ix(p(x) = Vye(y)).
Its characteristic class is the class of all truth value sets where no
value is a limit of higher values.

Theorem (Relationships between the logics)

The relationships between the logics we consider are as shown in
the following figure:
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Relationships between Godel-Dummett logics
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Relationships between Godel-Dummett logics
S3G
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Proof

S52G, S3G C PG is evident.

S2G C G, follows from V| € Char(S2G). Similarly,

PG C G; follows from V; € Char(PG).

G, C G; follows from Gy = (1,5, Gm, a result by [BPZ03].
S3G ¢ G, follows from V| ¢ Char(S3G).

S2G ¢ S3G follows from Char(S3G) ¢ Char(S2G). However,
G, Z PG is difficult.
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Properties of logics (continued), problems

Theorem (Inter-expressibility of quantifiers)

The quantifier ¥ is not expressible in terms of the remaining logical
symbols in the logic Gs.

In the logic S3G, the quantifier 3 is not expressible in terms of the

remaining logical symbols. In the logic S2G, however, it
is expressible.
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Theorem (Inter-expressibility of quantifiers)

The quantifier ¥ is not expressible in terms of the remaining logical
symbols in the logic Gs.

In the logic S3G, the quantifier 3 is not expressible in terms of the
remaining logical symbols. In the logic S2G, however, it

is expressible.

Problems

e Is the logic S2G (or S3G, or PG) complete with respect to
some reasonable semantics?

e What is the weakest Godel-Dummett logic in which each
formula is equivalent to a prenex formula?
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Appendix
Appendix 1: A multi-valued structure

Example

Truth value set: V ={0,3,1}U{3—%: k>3};
language: L = {P}, with a single unary predicate symbol P;
domain of J: D = {ds3,ds, ds, ... };
realization of the symbol P: j( (x)[di] = 3 — L.
Then we have 7 (3yP(y)) = 3, J(GyP(y) = P())la] = 3 — .
J(3x(3yP(y) — P(x))) = So the sentence Ix(IyP(y) — P(x))
is not a logical truth of this particular set V.

Fact
If the truth value set V' contains a value a < 1 which is a limit of
lower values then the structure J can be chosen so that

J(@xEyP(y) = P(x))) <1
If not then the schema Ix(Jy(y) — ¢(x)) is a logical truth of V.
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Appendix

Appendix 2: Characteristic classes

Definition

A characteristic class of a logic S is the class of all truth value
sets V such that S is valid in all structures based on V.

Fact If S; C S, then Char(S;) C Char(S;).

Characteristic classes of S2G, S3G, and PG

Char(S2G): A
NoaeV,a<lis
a limit of lower values

Char(S3G):
No a € Vis a limit
of higher values

" T

Fact
All sets in Char(PG) = Char(S2G) N Char(S3G) are finite

or isomorphic to V.
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