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Two specification rules
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Two generalization rules

- (Toox(y) = A) - (T = A, px(y))
(M, 3xp = A) (I = A,Vxp)

where the variable y is substitutable for x in ¢, has no free

occurences in the principal formula, and has no free occurences

inTUA.
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Definition

A counter-example to a sequent (I = A) is a first-order
structure D and an evaluation of variables e such that D |= ¢[e]
for each p €T, and D F= ¢le] for each ¢ € A.

A sequent (I = A) is logically valid if it has no counter-example.
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The subformula property

Definition

Subformulas are defined as one would expect, but ¢,(t), where

t is a term substitutable for x in ¢, is considered a subformula of
both Vxp and Ixp.

Theorem (subformula property)

Any formula in a cut-free proof P is a subformula of some formula
in the final sequent of P. Moreover, if rules for — and — are never
used in P, then any formula in an antecedent (succedent) of P

is a subformula of some formula in antecedent (or succedent,
respectively) of the final sequent of P.
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A sequent is regular of no variable is simultaneously
free and bound in it.
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Definition
A sequent is regular of no variable is simultaneously
free and bound in it.

Definition

A proof is regular of no variable is simultaneously free and bound
in it, and if moreover, an eigenvariable of a generalization inference
never occurs outside the subtree of P generated by that inference.

Definition

Depth of a proof P is denoted d(P). Depth d(¢p) of a formula ¢ is
depth of ¢ written as a tree. (Cut) rank r(P) of a proof P is

sup{ 1+ d(¢); ¢ a cut formula in P }.
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Lemma 1 (regularization)

For every proof of a regular sequent there exists a regular proof of
the same sequent having the same depth and rank.

Lemma 2 (substitution)

Assume that z is a variable that is not generalized in a proof P,
and no variable of a term t is generalized or quantified in P.
Then Py(t), the result of substitution of t for all occurences of z
in P, is a proof.

Lemma 3 (weakening)

Let P be a proof of a sequent (I' = A), let no variable free
in U A be generalized in P. Then adding 1 to all antecedents,
and adding A to all succedents, yields a proof.
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