FORCING OVER A FREE SUSLIN TREE

JOHN KRUEGER AND SARKA STEJISKALOVA

ABSTRACT. We introduce a forcing for adding almost disjoint automorphisms of a normal infin-
itely splitting w1 -tree T with countable approximations. Assuming that 7 is a free Suslin tree, this
forcing is totally proper, preserves the Suslinness of 7', and does not add new cofinal branches of
w1-trees existing in intermediate extensions. If « is an inaccessible cardinal, then the product of
the automorphism forcing of length « with the Lévy collapse of « to become wy forces that there
exists an almost Kurepa Suslin tree and there does not exist a Kurepa tree. This model solves open
problems due to Bilaniuk, Jin, Shelah, and Moore.
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1. INTRODUCTION

A classical and fundamental result in mathematics due to Cantor states that any non-empty
linearly ordered set without endpoints which is dense, complete, and separable is isomorphic
to the real number line. Suslin asked whether the same conclusion follows if the assumption of
separability is replaced by the countable chain condition, which means that every pairwise disjoint
family of open intervals is countable ([44]). An equivalent question is whether every linearly
ordered set with the countable chain condition is separable. A counter-example to this statement
is called a Suslin line. Suslin’s hypothesis (SH) is the statement that there does not exist a Suslin
line. A number of authors independently discovered that SH can be characterized in terms of trees
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([23, 29, 40]). SH is equivalent to the non-existence of a Suslin tree, which is an uncountable tree
which has no uncountable chain or uncountable antichain.

The first systematic study of trees appeared in the dissertation of Kurepa ([22]). It includes a
construction of an Aronszajn tree, which is an w; -tree with no uncountable chains, whose existence
had been proved by Aronszajn in 1934 (by an w1 -tree, we mean a tree of height w; with countable
levels). Shortly after, Kurepa proved the existence of a special Aronszajn tree (a tree is special
if it is a union of countably many antichains) ([24]). Later, Kurepa investigated the question of
how many cofinal branches exist in w;-trees ([25]). The statement that there exists an w1 -tree with
more than w1 -many cofinal branches became known as Kurepa’s Hypothesis (KH), and such a tree
is called a Kurepa tree.

The resolution of SH and KH came with the advent of modern methods of set theory, namely,
constructibility, forcing, and large cardinals ([12, 9]). The consistency of —=SH was established
independently by Jech and Tennenbaum, who defined forcings which add a Suslin tree ([13, 45]).
The consistency of KH was observed to follow from an inaccessible cardinal by Bukovsky and
Rowbottom ([8, 34]). Namely, the Lévy collapse of an inaccessible cardinal to become w; forces
the existence of a Kurepa tree. Later, KH was shown to be consistent without large cardinals
by Stewart using a direct forcing construction ([43]). It was also shown that in the constructible
universe L, there exists a Suslin tree and there exists a Kurepa tree. Namely, Jensen proved that
¢ implies the existence of a Suslin tree and ¢ implies the existence of a Kurepa tree, and these
diamond principles hold in L.

For the other direction, Silver proved the consistency of —=KH by showing that after forcing
with the Lévy collapse to turn an inaccessible cardinal into w,, there does not exist a Kurepa tree
([41]). Solovay proved that Silver’s use of an inaccessible cardinal is necessary, because if w» is
not an inaccessible cardinal in L then there exists a Kurepa tree. Solovay and Tennenbaum proved
the consistency of SH using their newly developed technique of finite support iterations of c.c.c.
forcings to construct a model of Martin’s Axiom (MA) together with the negation of the Contin-
uum Hypothesis (CH) ([42]; also see [28]). Baumgartner isolated a statement about trees which
implies SH and follows from MA + —CH, namely, that all Aronszajn trees are special ([4, 6]).
The consistency of SH together with CH was proved by Jensen ([10]). Jensen’s proof motivated
Shelah’s invention of proper forcing, and Shelah gave an alternative proof of the consistency of
SH + CH as an application of his general technique for iterating proper forcing while not adding
reals ([36]). Both Jensen’s and Shelah’s models satisfy the stronger statement that all Aronszajn
trees are special.

Among the earliest topics studied about Suslin trees after their existence was shown to be con-
sistent are rigidity and homogeneity ([10, 14]). Jensen proved that ¢ implies the existence of both
a rigid Suslin tree and a homogeneous Suslin tree with exactly w;-many automorphisms. And
Jensen proved that ¢ implies the existence of a homogeneous Suslin tree with at least w,-many
automorphisms. Reviewing the construction of this last tree from (T, it is easy to verify that it
is an example of an almost Kurepa Suslin tree, which is a Suslin tree which becomes a Kurepa
tree after forcing with it. Motivated by Jensen’s results, Jech proved that if CH holds and « is a
cardinal such that 2® < k < 2?1 and k® = «, then there exists a forcing which adds a Suslin tree
with exactly k-many automorphisms ([14]). In the case that k > w,, Jech’s forcing gives another
example of an almost Kurepa Suslin tree.

Jensen’s constructions of a rigid Suslin tree and a homogeneous Suslin tree from ¢ identified
two important types of trees: free Suslin trees and uniformly coherent Suslin trees. For any positive
n < w, a Suslin tree T is n-free if for any distinct elements Xxg, ..., x,—1 of the same level of T,
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the product tree Ty, ®- - -® T,,_, (called a derived tree with dimension n) is Suslin.! And T is free
if it is n-free for all positive n < w.> The idea of a free Suslin tree is due to Jensen, and the rigid
Suslin tree he had constructed earlier from ¢ is free. The homogeneous Suslin tree constructed
by Jensen from ¢ is an example of a uniformly coherent Suslin tree, which means a Suslin tree
consisting of countable sequences of natural numbers, downwards closed and closed under finite
modifications, such that any two elements of the tree disagree on at most finitely many elements
of their domain. Any uniformly coherent Suslin tree is homogeneous. Uniformly coherent Suslin
trees have proven useful in a variety of contexts, including in Py«-style constructions involving a
Suslin tree, consistency results, and in forcing axioms ([26, 39, 49, 27, 46]).

Free Suslin trees satisfy some remarkable properties. Freeness is the strongest known form of
rigidity for Suslin trees. Free Suslin trees have the unique branch property, which means that
forcing with a free Suslin tree introduces exactly one cofinal branch to it ([11]). A free Suslin
tree is forcing minimal in the sense that after forcing with it, there are no intermediate models
strictly between the ground model and the generic extension ([35, Lemma 1.5.7]). Any strictly
increasing and level preserving map from a free Suslin tree into any Aronszajn tree is injective on
a club of levels. A Suslin tree is free if and only if it satisfies a property which is essentially a
translation of the definition of an entangled set of reals into the context of trees ([20, 1]). Another
noteworthy fact about free Suslin trees is their ubiquitousness. The generic Suslin trees of both
Jech and Tennenbaum are free. Larson proved that if there exists a uniformly coherent Suslin tree,
then there exists a free Suslin tree ([26]). Since forcing a Cohen real adds a uniformly coherent
Suslin tree, it also adds a free Suslin tree ([47]). In fact, it is an open problem due to Shelah and
Zapletal whether the existence of a Suslin tree implies the existence of a free Suslin tree ([39]).
In other words, it could be the case that SH is actually equivalent to the non-existence of a free
Suslin tree.

In order to motivate the problems which this article addresses, we review some of the early
forcings for adding wq-trees with different properties. Jech’s forcing for adding a Suslin tree
consists of conditions which are countable infinitely splitting downwards closed normal subtrees
of the tree (®'w, C), ordered by end-extension ([13]). Jech’s forcing is countably closed, w,-c.c.
assuming CH, and adds a free Suslin tree. Tennenbaum’s forcing for adding a Suslin tree consists
of conditions which are finite trees whose elements are in w1 and whose tree ordering is consistent
with the ordinal ordering, ordered by end-extension ([45]). Tennenbaum’s forcing is c.c.c. and
adds a free Suslin tree.

Both Jech’s and Tennenbaum’s forcings serve as a foundation on which other forcing posets for
adding w;-trees are based. A variation of Jech’s poset, in which any two elements of a condition
differ on a finite set and conditions are closed under finite modifications, adds a uniformly coherent
Suslin tree. Another variation adds a Suslin tree together with any number of automorphisms of
it ([14]). Stewart’s forcing for adding a Kurepa tree consists of conditions of the form (7, f),
where T is a condition in Jech’s forcing with successor height and f is an injective function from
a countable subset of w5 into the top level of 7. Conditions are ordered by letting (U, g) < (T, f)
if U end-extends 7, dom(f) < dom(g), and for all « € dom(f), f(«) <y g(a). Stewart’s

I contrast, Kurepa [22] showed that for any Suslin tree 7, T ® T is not Suslin as witnessed by an antichain
{(Xa,0, Xa,1) : & < w1} such that the meet of x40 and x,1 is strictly increasing with .

2The concept of a free Suslin tree goes by different names in the literature. Free Suslin trees were originally
introduced by Jensen as full Suslin trees ([16]). Abraham and Shelah refer to free Suslin trees as Suslin trees all of
whose derived trees are Suslin ([2, 3]). The phrase free Suslin tree was used by Larson and Shelah-Zapletal ([26, 39]).
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forcing is countably closed, and assuming CH, is w,-c.c. and adds an w;-tree together with w,-
many cofinal branches of it.

In light of Stewart’s forcing for adding a Kurepa tree based on Jech’s forcing, a natural question
is whether there exists a c.c.c. forcing for adding a Kurepa tree based on Tennenbaum’s forcing.
Jensen introduced the generic Kurepa hypothesis (GKH), which states that there exists a Kurepa
tree in some c.c.c. forcing extension ([15]). Jensen and Schlechta proved that GKH is not a the-
orem of ZFC: if k is a Mahlo cardinal, then after forcing with the Lévy collapse to turn « into
wy, any c.c.c. forcing fails to add a Kurepa tree ([17]). On the other hand, Jensen proved that
Uy, implies the existence of a c.c.c. forcing for adding a Kurepa tree ([15]). Since the failure of
Oy, is equiconsistent with a Mahlo cardinal, so is the statement ~GKH. Later, Veli¢kovi¢ defined
a c.c.c. forcing for adding a Kurepa tree which is simpler than Jensen’s forcing; it is based on
Tennenbaum’s forcing and uses the function p of Todor¢evi¢ derived from a [, -sequence ([48]).

The forcings of Stewart and Velickovi¢ for adding a Kurepa tree have size at least w5, due to
the fact that the conditions in these forcing posets approximate both an w;-tree and a sequence
of wz-many cofinal branches of the tree. Jin and Shelah asked whether it is possible to force the
existence of a Kurepa tree using a forcing of size at most wj, especially in the context of CH
([18]). This question was motivated in part by the fact that there exists a forcing of size @ which
adds a Suslin tree, namely, the forcing for adding one Cohen real ([37]). The main result of Jin
and Shelah [18] is that assuming the existence of an inaccessible cardinal k, there exists a forcing
which preserves wp, collapses k to become w,, forces that there does not exist a Kurepa tree, and
introduces a countably distributive Aronszajn tree which when you force with it produces a Kurepa
tree. Jin and Shelah asked whether it is possible to obtain such a model where the Aronszajn tree
is replaced by some c.c.c. forcing of size at most wj.

Problem 1 (Jin and Shelah [18]). Is it consistent that CH holds, there does not exist a Kurepa tree,
and there exists a c.c.c. forcing of size at most w1 which forces the existence of a Kurepa tree?

As previously mentioned, Jensen proved that ¢ implies the existence of a Kurepa tree and a
Suslin tree with at least w;-many automorphisms. In his dissertation written under the supervision
of Baumgartner, Bilaniuk proved that if ¢ holds and there exists a Kurepa tree, then there exists a
Suslin tree with at least w-many automorphisms [7].

Problem 2 (Bilaniuk [7]). Is it consistent that ) holds, there does not exist a Kurepa tree, and
there exists a Suslin tree with at least w,-many automorphisms?

In the Jin-Shelah model, forcing with the Aronszajn tree introduces another tree which is a
Kurepa tree. On the other hand, an almost Kurepa Suslin tree is a Suslin tree which itself becomes
a Kurepa tree after forcing with it. The following problem is closely related to both Problems 1
and 2 and has been worked on by a number of set theorists since Bilaniuk’s dissertation.

Problem 3 (Folklore). Is it consistent that there exists an almost Kurepa Suslin tree and there
does not exist a Kurepa tree ”

Baumgartner introduced the idea of a subtree base for an wq-tree T, which is a collection B
of uncountable downwards closed subtrees of T such that every uncountable downwards closed
subtree of 7' contains some member of 3 ([5]). He proved that after forcing with the Lévy collapse

3Concerning the relationship between Problems 2 and 3, start with a model with a Mahlo cardinal « and a uniformly
coherent Suslin tree 7. After forcing with Col(w1, <k)*Add(w, w2), T is a Suslin tree with w,-many automorphisms.
But 7' is not an almost Kurepa Suslin tree, since by the result of Jensen and Schlechta, no c.c.c. forcing can introduce a
Kurepa tree in this model.
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Col(w1, < k), where k is an inaccessible cardinal, every Aronszajn tree has a base of cardinality
w1. A related idea called Aronszajn tree saturation was introduced by Konig, Larson, Moore, and
Velickovi¢ in the context of attempting to reduce the large cardinal assumption used to produce a
model with a five element basis for the class of uncountable linear orders ([19, 32]). An Aronszajn
tree T is saturated if every almost disjoint family of uncountable downwards closed subtrees of T’
has cardinality at most w; .

Note that if T has a subtree base of size w, then T is saturated. So after forcing with the
Lévy collapse Col(w;, < k), where k is an inaccessible cardinal, every Aronszajn tree is saturated,
and by Silver’s result, there does not exist a Kurepa tree. On the other hand, Baumgartner and
Todorcevi¢ proved that if there exists a Kurepa tree, then there exists a special Aronszajn tree
which is not saturated ([5]). These facts lead to the following natural question of Moore.

Problem 4 (Moore [33]). Is it consistent that there exists a non-saturated Aronszajn tree and there
does not exist a Kurepa tree?*

In this article, we provide solutions to Problems 1, 2, 3, and 4. Our main result is as follows:

Main Theorem. Suppose that there exists an inaccessible cardinal k and there exists an infinitely
splitting normal free Suslin tree T. Then there exists a forcing poset P satisfying that the product
forcing Col(wy, <k) x IP forces:

(1) k = ws;

(2) GCH holds;

(3) T is a Suslin tree;

(4) there exists an almost disjoint family { fy : T < wa} of automorphisms of T ;

(5) there does not exist a Kurepa tree.

If b is a generic branch obtained by forcing with the Suslin tree T over a generic extension by
Col(wy, < k) x P, then { f7[b] : T < wz} is a family of wy-many cofinal branches of 7. Thus,
in this generic extension 7 is a c.c.c. forcing of size w; which forces the existence of a Kurepa
tree. Starting with a model with an inaccessible cardinal and forcing the existence of an infinitely
splitting normal free Suslin tree (for example, by Jech’s forcing), we get the following corollary
which solves Problems 1 and 3.

Corollary. Assume that there exists an inaccessible cardinal k. Then there exists a generic exten-
sion in which k equals w2, CH holds, there exists an almost Kurepa Suslin tree, and there does not
exist a Kurepa tree.

Concerning Problem 2, it suffices to find a generic extension as described in the Main Theorem
which satisfies . Start with a model V' in which there exists an inaccessible cardinal x and ¢
holds. Let Q be Jech’s forcing in V for adding a Suslin tree. Let PP be a Q-name for the forcing
described in the Main Theorem using the generic Suslin tree. Since Q is w;-closed, the forcings
Qx*(Col(wy, < K)VQ xP) and (Q*P) x Col(w; , <k) are forcing equivalent. We show in Section 12
that the two-step iteration Q Pis forcing equivalent to some w1 -closed forcing, and consequently
s0is (Q*P)xCol(wy, < k). But w; -closed forcings preserve ¢, so ¢ holds in the generic extension
of VQ described in the Main Theorem. Since we can force ), we have the following corollary.

Corollary. Assume that there exists an inaccessible cardinal k. Then there exists a generic exten-
sion in which k equals w,, { holds, there exists a normal Suslin tree with w,-many automorphisms,
and there does not exist a Kurepa tree.

4According to Moore, this question is implicit in [33] (see the comments after Question 9.2). It also appears as
problem #28 in [31].
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Concerning Problem 4, working in the generic extension by Col(w1, <«) x P, for all T < k let
U = {(x, fr(x)) : x € T}. Then each U; is an uncountable downwards closed subtree of the
Aronszajn tree T ® T, and any two such subtrees have countable intersection.” We thus get the
following corollary which answers Problem 4.

Corollary. Assume that there exists an inaccessible cardinal k. Then there exists a generic exten-
sion in which k equals w,, there exists a non-saturated Aronszajn tree, and there does not exist a
Kurepa tree.

For the entirety of the article, we fix a normal infinitely splitting w;-tree 7. Our main goal is to
introduce and develop a forcing which adds almost disjoint automorphisms of 7" using countable
approximations. While many of the ideas we develop apply to any tree 7' as above, in order to
prove the strongest properties of the automorphism forcing, such as being totally proper, preserv-
ing the Suslinness of 7', and not adding new cofinal branches of wj-trees, we assume in addition
that 7T is a free Suslin tree. A feature of this work is that the concepts and arguments we use are
quite general and can be developed in an abstract way for adding different types of structure to a
free Suslin tree; this direction is explored in the sequel [21].

A natural approach for proving the main consistency result of the article would be to start with
a Suslin tree 7" and an inaccessible cardinal «, and iterate with countable support of length «
alternating between adding automorphisms of 7" and collapsing w,. When the forcing is arranged
in this manner, by standard forcing iteration preservation results ([30, 38, 3]) it suffices to show that
each stage of the iteration preserves the Suslinness of 7" and does not add new cofinal branches of
w1 -trees. Unfortunately, we are unable to prove either of these statements unless 7 is a free Suslin
tree, and adding a single automorphism kills the freeness of 7'. In addition, the requirement that
the automorphism being added is almost disjoint from those previously added presents additional
challenges. For these reasons, we adopt the less standard approach given in this article.

The main ideas on which our work is based are consistency, separation, and the Key Property.
These properties are introduced and proven to hold for the automorphism forcing in Sections 2
and 4 and their main impact is described in Section 6. Once this work is done, the verification of
the general properties of the forcing, such as being totally proper and preserving the Suslinness
of T, follow by more routine bookkeeping constructions. The second half of the article beginning
with Section 8 analyzes quotients of the forcing and proves that quotients do not add new cofinal
branches of wi-trees over intermediate models. This material is significantly more difficult than
the first half, with the most novel and complex arguments of the article appearing in Section 10
and the beginning of Section 11.

Background and preliminaries: An w-tree is a tree with height w; whose levels are countable.
Let T be an w;-tree. For any x € T, we let hty (x) denote the height of x in 7. For each & < w1,
To = {x €T :htyr(x) = atislevela of T,and T | « = {x € T : htr(x) < «}. For all
x € T and @ < hty(x), x | o denotes the unique y <7 x with height . If X C Tg and @ < B,
X [ o denotes the set {x [ : x € X}. Fora < 8 < wy and X C Tg, we say that X has unique
drop-downs to « if the function x — x [ « is injective on X; similar language is used for finite
tuples of elements of 7g.

>More generally, Moore has pointed out to the authors that if 7" is a normal almost Kurepa Suslin tree, then the
Aronszajn tree T ® T is non-saturated. For suppose that (br 1 T < wp) is a sequence of T -names for distinct cofinal
branches of 7. For each T < w», let U be the downward closure of the set of (x,y) € T ® T such that x -7 y € Br.
Using the Suslinness of 7', one can show that each U; is uncountable and any two such subtrees have countable
intersection. So the family {U; : T < wy} witnesses that 7 ® T is not saturated.
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A branch of T is a maximal chain, and a branch is cofinal if it meets every level of the tree. If
b is a branch and « is an ordinal less than its order type, we write b(«) for the unique element of
b of height a. An antichain of T is a set of incomparable elements of T. A subtree of T is any
subset of 7" considered as a tree with the order inherited from 7. The tree T is infinitely splitting
if every element of 7" has infinitely many immediate successors. The tree T is normal if it has
a root, every element of 7" has at least two immediate successors, every element of 7" has some
element above it at any higher level, and any two distinct elements of the same limit height do not
have same set of elements below them.

An Aronszajn tree is an wi-tree with no cofinal branch. A tree T of height w; is special if
it is a union of countably many antichains, or equivalently, there exists a specializing function
f : T — Q, which means that x <7 y implies that f(x) < f(y). A Kurepa tree is an w-tree
with at least wp-many cofinal branches. A Suslin tree is an uncountable tree with no uncountable
chain or uncountable antichain. Suslin trees are wi-trees. A normal wj-tree is a Suslin tree if and
only if it has no uncountable antichain.

Any wi-tree T can be considered as a forcing poset, where we let y be stronger than x in the
forcing if x <7 y, that is, with the order reversed. A normal w;-tree T is Suslin if and only if the
forcing poset T is c.c.c. When we use forcing language such as “dense” and “open” when talking
about an w1 -tree T, we mean with regards to 7 considered as a forcing poset as just discussed. We
highlight the following important fact because we use it almost every time we invoke the Suslin
property: A normal wi-tree T is Suslin if and only if whenever D is a dense open subset of T,
there exists some y < w1 such that T, € D. Note that since D is open, T, € D implies that
Te C Dforally <§ < wy.

Given finitely many wq-trees Ty, ..., T;—1, the product Tp ® --- ® T,,—1 is the partial order,
ordered componentwise, consisting of all tuples (ao, . . . , a,—1) such that for some @ < w1, a; €
(Ty)q for all k < n. This product is a tree, and if each factor is normal, then so is the product. Let
T be an w;-tree. For any positive n < w, we write 7" for the product of n-many copies of 7. If
a=(ag,...,an—1) and b = (bo,...,by—1) arein T", we write a < b to mean that a; <t b; for
all i < n, and similarly for a < b.

For every a € T, define T, as the subtree {b € T : a <7 b}. For any positive n < w and
n-tuple d = (ao, . .., an—1) consisting of distinct elements of 7' of the same height, define 75 as
the product T3, ® - -+ ® T,,,_,, which is called a derived tree of T with dimension n. The tree T is
said to be n-free if all of its derived trees with dimension n are Suslin, and is free if it is n-free for
all positive n < w. Note that by the fact we highlighted in the previous paragraph, if T is n-free
and T} is a derived tree of 7" with dimension 7, then for any dense open subset D of Ty, there
exists some y < w; such that every member of T; whose elements have height at least y isin D.

A function f : T — U between trees is strictly increasing if x <7 y implies f(x) <y f(y),
is an embedding if x <7 y iff f(x) <y f(y), is level preserving if hty(x) = hty (f(x)) for
all x € T, is an isomorphism if it is a bijective embedding, and is an automorphism if it is an
isomorphism and 77 = U. We use the basic fact that a strictly increasing and level preserving
map f : T — U is an embedding if and only if it is injective, and therefore is an isomorphism
if and only if it is a bijection. If f is an automorphism of 7', we write f! for f and f~! for the
inverse of f. An w;-tree T is rigid if there does not exist any automorphism of 7" other than the
identity function, and is homogeneous if for all @ and b in T with the same height, there exists an
automorphism f : T — T such that f(a) = b. For an w;-tree T, o(T) denotes the cardinality
of the set of all automorphisms of 7T'.
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When we say that a family of sets (or sequence of sets) is almost disjoint, we mean that the
intersection of any two sets in the family (or in the sequence) is countable. An almost Kurepa
Suslin tree is a Suslin tree such that when you force with it, it becomes a Kurepa tree. A sufficient
condition for a Suslin tree 7' to be an almost Kurepa Suslin tree is that there exists an almost
disjoint family { f; : T < w,} of automorphisms of 7". For in that case, if b is a cofinal branch of
T, then { f;[b] : T < wy} is a family of w,-many cofinal branches of T'. An antichain of subtrees
of an Aronszajn tree T is an almost disjoint family of uncountable downwards closed subtrees of
T. An Aronszajn tree T is saturated if every antichain of subtrees of 7" has size at most wj, and
otherwise is non-saturated.

When we say that a regular cardinal A is large enough, we mean that it is large enough so
that all of the sets under discussion are members of H(A). For a forcing poset IP and a countable
elementary substructure N < H(A) with P € N, a condition g € P is a total master condition over
N if for every dense open subset D of P which is a member of N, there exists some s € D N N
such that ¢ < s. A forcing poset P is fotally proper if for all large enough regular cardinals A
and for any countable elementary substructure N < H(A), for all p € N N P there exists some
q < p such that ¢ is a total master condition over N. Clearly, totally proper forcings are proper
and countably distributive. A separative forcing is totally proper if and only if it is proper and
does not add reals. The Lévy collapse of an inaccessible cardinal ¥ to become w», denoted by
Col(w1, <k), is the forcing poset consisting of all countable partial functions p from « X w; into
k such that for all (¢, &) € dom(p), p(«a, §) < «, ordered by reverse inclusion. The Lévy collapse
is wi-closed and k-c.c. Finally, we note that w1-closed forcings do not add new cofinal branches
of w1 -trees in the ground model ([38, Chapter V §8]).

2. CONSISTENCY AND SEPARATION FOR AUTOMORPHISMS

Assume for the remainder of the article that T is a fixed w; -tree which is normal and infinitely
splitting and « is a fixed non-zero ordinal. Additional assumptions about 7' and x are made on
occasion, including most notably that 7 is a free Suslin tree or that « is an inaccessible cardinal.

If B < w1, g is an automorphism of T [ (8 + 1), and o < B, we write g | (o + 1) for the
restriction of g to T [ (o 4+ 1), which is an automorphism of 7 [ (¢ + 1). If G = {g; : T € I } is
an indexed family of automorphisms of 7 [ (8 + 1), we write G | (o + 1) for the indexed family
{ge(@+1):Tel}®

Definition 2.1 (Consistency). Let o < < w; and let g be an automorphism of T | (B + 1).
(1) Let X C Tg be finite with unique drop-downs to a. We say that X | a and X are
g-consistent if forall x,y € X, g(x [a) =y [aiff g(x) = y.
(2) Leta = (ao,...,an—1) be an injective tuple consisting of elements of Tg. We say that
a | o and a are g-consistent if forall i, j <n, g(a; | @) =a; |« iff g(a;) = a;.

Note that in (1) above, the sets X | « and X are g-consistent if and only if for all x,y € X,
g(x [ @) = y | o implies g(x) = y. The reverse implication follows from the fact that g is
strictly increasing. A similar comment applies to (2).

The following lemma is easy to check.

Lemma 2.2 (Transitivity). Leta < B <y < w1 and let X C T, be finite with unique drop-downs
to a. Let g be an automorphism of T | (y + 1). If X [aand X | B are g | (B + 1)-consistent
and X | B and X are g-consistent, then X | o and X are g-consistent.

6Despite the set notation, by {gr : T € I} we mean the function with domain / which maps t € I to gr.
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Definition 2.3 (Separation). Let o < w1. Suppose that G = {g, : Tt € 1} is an indexed family of
automorphisms of T | (¢ + 1) and a = (ay,...,an—1) consists of distinct elements of Ty. We
say that G is separated on a if for all k < n:
(1) forallt € 1, g (ay) # ag;
(2) there exists at most one triple (i,m, 1), where i < k, m € {—1,1}, and t € I, such that
g7 (ax) = ai.
We sometimes refer to an equation of the form g”"(ax) = a; as in (2) above as a relation. So
separation means that each member of the tuple has at most one relation with previous members

of the tuple, and no relation with itself. The way in which a tuple is ordered is essential to whether
or not separation holds.

Lemma 2.4 (Persistence). Let o < B < wy and let G = {g; : © € I} be an indexed family
of automorphisms of T | (B + 1). Let b = (bo, . ...bn—1) consist of distinct elements of Tg
with unique drop-downs to «. If the indexed family G | (a + 1) is separated on b I o, then G is
separated on b.

Proof. Forall t € I, the fact that g, is strictly increasing implies that for all i, j < n,if g;(b;) =
bj then g.(b; | @) = b; | a. So any violation of separation of G on b would imply a violation of
separation of G [ (¢ + 1) on b | «. O

Lemma 2.5. Let « < wy. Leta = (ao,...,an—1) consist of distinct elements of Ty, and let
G = {g: : T € A} be a finite indexed family of automorphisms of T | (« + 1). Then for alln < n,
there exists a sequence

<i0’(i17m1’fl)”"’(il—hml—l’tl—l))v
for some | < n + 1, such that:
W n=ig>iy>--->ij_1 >0,
(2) forall0 <k <1, mg € {—1,1}, ©x € A, and g,* (ai,_,) = ai,;
(3) there does not exist a triple (i,m,t) such thati < ij_, m € {—1,1}, Tt € A, and
g;n(ail_l) = daj.

Moreover, if G is separated on a, then the above sequence is unique.

Proof. We construct the sequence by induction. Let ig = 7. Now let & > 0 and assume that we
have defined (ig, (i1,m1, t1), ..., (ix, M, T)) as described in (1) and (2). If there does not exist
atriple (i,m, t) such thati < i, m € {—1,1}, v € A, and g7*(a;, ) = a;, thenlet/ = k + 1 and
we are done. Otherwise fix such a triple (i, m, t) (which is unique in the case that G is separated
ond), and letigy, =i, mgyq = m, and 1541 = . This completes the construction. Note that
(1) implies that / <7 + 1. O

While separation in the context of automorphisms depends on the way in which a tuple is
ordered, the following notion of separation for sets is useful when we do not need to be explicit
about what that order is.

Definition 2.6 (Separation for Sets). Let @ < wi. Suppose that G = {g, : © € 1} is an indexed
Sfamily of automorphisms of T | (o + 1) and X is a finite subset of Ty,. We say that G is separated
on X if there exists some injective tuple a which lists the elements of X such that G is separated
ona.



10 JOHN KRUEGER AND SARKA STEJSKALOVA

Lemma 2.7 (Persistence for Sets). Let o < B < wy and let G = {g; : T € I} be an indexed
family of automorphisms of T | (B + 1). Let X C Tg be a finite set with unique drop-downs to a.
If the indexed family G | (a + 1) is separated on X | «, then G is separated on X .

Proof. Let a be an injective tuple which lists the elements of X so that G | (« + 1) is separated
ond | a. Now apply Lemma 2.4 (Persistence). g

The proof of the following lemma is easy.

Lemma 2.8. Let « < w1 and let X be a finite subset of Ty. Suppose that {f; : i € I} and
{gj : j € J} are indexed families of automorphisms of T | (« + 1), h : I — J is a bijection, and
foralli € 1, fi = gp). If {gj : ] € J} is separated on X, then { f; :i € I} is separated on X.

Lemma 2.9. Let @ < wy. Suppose that G = {g. : © € I} is an indexed family of automorphisms
of T | (@ 4+ 1) and X is a finite subset of Ty. If G is separated on X, then for any J < I and
Y CX,{g;:t€J}isseparatedon Y.

Proof. Let a be an injective tuple which lists the elements of X such that G is separated on a. Let
b be an injective tuple which lists the elements of Y in the same order in which they appear in a.

Now any counter-example to the indexed family {g; : T € J} being separated on b would yield a
counter-example to G being separated on a. ([l

Definition 2.10. Let @« < w1. Suppose that G = {g. : T € I} is an indexed family of automor-
phisms of T | (a + 1). We say that G is separated if for any finite set X C Ty, {gr : T € I} is
separated on X .

3. THE KEY PROPERTY FOR AUTOMORPHISMS

In this section, we prove two results which imply that the automorphism forcing we introduce
in Section 5 below satisfies the Key Property and the 1-Key Property. These two properties are
used to verify properness and the preservation of Suslinness respectively.

Proposition 3.1 (Key Property). Let « < B < wi. Suppose that ay,...,a,—1 are distinct el-
ements of Ty and G = {g; : T € A} is a finite indexed set of automorphisms of T | (B + 1)
such that G | (a + 1) is separated on (ao,...,an—1). Lett C Tg be finite. Then there exist
bo,....by—1in Tg \ t such that a; <t b; for alli < n, and for all T € A, (ao,...,an—1) and
(bo,...,by—1) are gy-consistent.

Proof. Lett* be the setof all y € Tg such that either y € t,or y = g?}l__ll -+ (g7, (x)), for some

xet,l<n+1,1,...,71_1 € A,and my,...,my_; € {—1,1}. Note that ¢t* is finite.
By induction on k < n, we choose by € Tg above aj, maintaining that for all k < n:
(a) forall T € A, (ag,...,ax) and (b, ..., by) are gy-consistent;
(b) if there does not exist a triple (j, m, t), where j < k, m € {—1,1}, and t € A, such that
g™ (ax) = aj, then by & t*.

For the base case, let bg be an arbitrary member of T \ * above ag, which is possible since 7'
is infinitely splitting. Consider any T € A. Since § is separated on (ao, . ..,an—1), g-(ao) # ao,
which implies that g (bg) 7# bg. So (ap) and (bg) are g -consistent.

Now let 0 < k < n be given, and assume that we have chosen b; for all i < k so that the tuple
(bo, ..., bp_1) satisfies the inductive hypotheses.

Case 1: There does not exist a triple (j, m, t), where j < k, m € {—1,1}, and 7 € A, such
that g (ax) = a;. In this case, let by be an arbitrary member of Tg \ t* above ay, which is
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possible since T is infinitely splitting. Since there are no relations between a; and members of
the tuple (ao, ..., ar_1), the inductive hypothesis together with the argument we gave for the base
case easily imply that for all T € A, (ao,...,ax) and (by, ..., by) are g,-consistent. So inductive
hypothesis (a) holds, and (b) is immediate from the choice of by.

Case 2: There exists a triple (j,m, o), where j < k, m € {—1,1}, and ¢ € A, such that
gM(ay) = a;. Hence, ay = g;"(aj). Since G | (« + 1) is separated on (ao, . ..,an—1), this
triple is unique. Let by = g, (b;). By the uniqueness of the triple (j,m, o), the inductive
hypotheses, and the argument we gave in the base case, it easily follows that for all t € A,
(ao,...,ar) and (b, ..., by) are g,-consistent. So inductive hypothesis (a) holds, and (b) holds
vacuously.

It remains to show that for all 7 < n, b;; ¢ t. Suppose for a contradiction that there exists some
n < n such that b; € t. Applying Lemma 2.5, fix a sequence

(io, (1,m1,T1), ..., (i1—1.mp—1, T—1)),
for some [ < i1 + 1, such that:
M n=ig>i1>:-->i;j_1>0;
(2) forall0 <k <I,my € {—1,1}, 7y € A, and g7,* (ai,_,) = ai,;
(3) there does not exist a triple (i,m, 1) such that i < i;_y, m € {—1,1}, Tt € I, and
g;n(aijfl) =daj.
By (3) and inductive hypothesis (b), b;,_, ¢ ¢*. By (2) and Case 2, we have that

bi,_, = g;?l__ll (- (g'r'f‘ (bi)))-

Sob;,_, € t*, which is a contradiction. U
Proposition 3.2 (1-Key Property). Let « < B < wi. Suppose that ay,...,a,—1 are distinct
elements of Ty and G = {g; : T € A} is a finite indexed set of automorphisms of T | (B + 1)
such that G | (a + 1) is separated on (ap, .. .,an—1). Letn < n. Fix b € Tg such that az <t b.
Then there exist by, . ..,by—1 in Tg such that a; <t b; foralli < n, by = b, and for all T € A,
(ag,...,an—1) and (by,...,by,—1) are g-consistent.

Proof. Apply Lemma 2.5 to find some / < i 4 1 and a sequence

(io, ((1,m1, 1), -, ((j—1,M1—1, T1—1)),
satisfying (1)-(3) of that lemma. In particular, io = 7. Define (co, ..., c;j_1) inductively by letting
co =b,andforall0 <k </, ¢ = g?f(" (ck—1)- Using the fact that a; <7 b and (2) of Lemma
2.5, it is easy to prove by induction that for all k </, a;, <r ck.
By induction on i < n we choose b; in Tg above a;, maintaining that for all k < n:

(a) forall T € A, (ag,...,ax) and (b, ..., by) are gy-consistent;
(b) forallm < I,if i,, < k then b;,, = cm.
Assuming that we are able to define (by,...,b,—1) with these properties, then for all T € A,
(ao,...,an—1) and (bo, ..., by—1) are gc-consistent, and b; = b;, = co = b, which completes
the proof.
For the base case, if 0 € {ip,...,i;_1}, then clearly 0 = i;_q, so in this case we let by =
bi,_, = cj—;. Otherwise, let by be an arbitrary element of Tg above ag. Consider any 7 € A.

Since G | (@ + 1) is separated on (ay, . ..,an—1), gz(ao) # ao, and hence g (bg) # bg. So (ap)
and (bg) are g;-consistent. Clearly, the inductive hypotheses are maintained.

Now let 0 < k < n and assume that we have chosen b; for all i < k so that (bg,...,br_1)
satisfies the inductive hypotheses.
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Case 1: There does not exist a triple (j,m, t) such that j < k, m € {—1,1}, t € A, and
giMay) = aj. If k € {ip,...,17;_1}, then clearly k = i;_;, and we let by = b;,_, = cj_;.
So inductive hypothesis (b) holds. Otherwise, choose by above aj arbitrarily. For all T € A,
g:(ar) # ag, which implies that g;(br) # byr. So the inductive hypothesis together with the
fact that there are no relations between aj and members of (ao, ..., ar_1) easily imply inductive
hypothesis (a).

Case 2: There exists a triple (j,m, o) suchthat j <k, m e {—1,1},0 € A, and g’ (ax) = a;.
Then ay = g,;™(aj). Define by = g, (b;). By the inductive hypothesis, the uniqueness of
the triple (j,m, o), and the fact that g (by) # by for all T € A, it easily follows that for all
T € A, (ao,...,ay) and (by, ..., by) are g;-consistent. In the case that k € {ig,...,i;_1}, by the
uniqueness of the triple (j,m, o) and the assumption of Case 2 it must be the case that k = iy
for some g such that0 < g <[/ —1, j =iy, m = my, and 0 = 74. By the induction hypothesis,
bi, = ¢4, and by definition of b;,_, and ¢, b;,_, = gt_qm" (bi,) = gr_qm" (cq) = cg—1. O

4. CONSTRUCTING AND EXTENDING AUTOMORPHISMS

We give several bookkeeping constructions for consistently extending automorphisms to higher
levels while preserving separation. These arguments are fairly routine and can be optionally
skipped by the reader.

Lemma 4.1. Let y < wy and let {f; : © € 1} be a countable family of automorphisms of
T | (y + 1). Then there exists a family {g, : T € 1} of automorphisms of T | (y + 2) such that:

(1) forallt € I, fr C g
(2) for all distinct ©o and vy in I and for all x € Ty41, g7o(X) # gz, (X).

Proof. Fixabijectionh : w — T4 1xI.Letg, [ (y+1) = frforall r € I. We define the values
of each g; on Ty, 41 in w-many stages, where at any given stage we have defined only finitely many
values of finitely many g.’s. We also define a subset-increasing sequence (X, : n < w) of finite
subsets of T 4 1.

At stage 0, we do nothing. Let Xo = @. Now let n < w and suppose that stage n is complete.
In particular, the finite set X,, C T} 41 has been defined. Let h(n) = (z,0). Stage n 4 1 consists
of two steps. In the first step, if g5 (z) is already defined, then move on to step 2. Otherwise,
define g4 () to be some element of 7}, 1 above f;(z | y) which is not in Xj,. In the second step,
if g-1(z) is already defined, then we are done. If not, then define g 1(z) to be some element of
Ty+1 above £, 1(z | y) whichis notin X,. Now let X,1+1 = X, U {z, g5(2), g5 (2)}.

This completes the construction. It is easy to check that for all T € I, g; is a strictly increasing
function from 7" | (y +2) onto T' | (y + 2). Suppose for a contradiction that for some z € T}, 11,
810(2) = gr,(2) for distinct 79 and 71 in /. Assume that g,(z) was defined at stage n and g, (z)
was defined at stage m, where n < m. At stage n, either h(n) = (79, z) and we defined g,(z), or
for some yg, h(n) = (19, yo) and we defined z = g,‘o1 (¥0)- In either case, both z and g, (z) are
in X,. Atstage m, either i(n) = (71, z) and we defined g, (z) which is not in X}, or for some y1,
h(n) = (t1, y1) and we defined z = gt_l1 (y1) which is not in X,. In the first case, g, (z) cannot
equal g,(z) since the latter element is in X, and the second case is impossible since z € Xj.
So we have a contradiction. A similar argument shows that each g; is injective, and hence is an
automorphism of 7' [ (y + 2). O

Lemma 4.2. Assume the following:
o Yy < wi,
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o X C Ty is finite and has unique drop-downs to y;
o {fr 1t € l}isacountable collection of automorphisms of T | (y + 1);
o A C [ is finite.
Then there exists a family {g. : T € 1} of automorphisms of T | (y + 2) satisfying:

(1) fr Cgcforalzrel;
(2) forallt € A, X | y and X are g-consistent;
(3) if{fr : v € A} is separated on X | y, then {g, : T € 1} is separated.

Proof. Fix abijectionh : w — Ty41 x I. Foreacht € [, define g [ (y + 1) = f.
We define the values of the functions g; on T, 1 in w-many stages. The following describes
the construction:

e at any given stage n, we have defined only finitely many values of the functions g for
finitely many t € [;

o we define a sequence (ay : k < w) which enumerates 7), 11, where at any stage n we have
defined {(aj : k < I,) for some [, < w, and let X, = {ay : k < I,}.

We maintain the following inductive hypotheses:

(i) for all n, if the value g7"(a) = b is defined at stage n, where t € [ and m € {—1, 1}, then
aand b are in X, f/™(a [ y) =b [ y,andif {f; : T € A} is separated on X | y, then
a # b;

(ii) forall ng < ny, if a and b are in X, and g7"(a) = b has been defined by the end of stage
ni, where v € I and m € {—1, 1}, then g7"(a) = b has been defined by the end of stage
no;

(iii) in the case that { f; : T € A} is separated on X | y, then for all » and k < [/, there exists
at most one triple (j,m, ), where j < k, m € {—1,1}, and t € I, such that g7*(ax ) has
been defined by stage n and g7 (ax) = a;.

Stage 0: For each 7 € A and x,y € X, define g;(x) = y iff fr(x [ y) = y | y. Let
Ao = A and let [ = |X|. In the case that { f; : T € A} is separated on X | y, fix an injective
enumeration d = (ao, ..., a;,—1) of X such that { fr : © € A} is separated on @ | y. Otherwise,
let @ = (ao,...,aj,—1) be an arbitrary injective enumeration of X. It is easy to check that the
required properties hold.

Stage n + 1: Let n < w and suppose that stage n is complete. Let 2(n) = (z,0). Stage n + 1
consists of two steps. In the first step, if go(z) is already defined, then move on to step two.
Otherwise, define g4 (z) to be some member of 7,1 above f5(z | y) which is notin X, U {z}.
This is possible since T is infinitely splitting. In the second step, if g, !(z) is already defined,
then we are done. Otherwise, define g, !(z) to be some member of T, 11 above g Yz 1y
which is not in X, U {z, g5 (2)}. Again, this is possible since T is infinitely splitting. Now define
{(ar : k < l,+1) by adding at the end of the sequence (ay : k < [,,) the elements among z, g4(2),
and g 1(z) which are not already in X, in the order just listed.

Let us check that inductive hypotheses (i)-(ii1) hold. (i) is clear. For (ii), the only new equations
of the form g7"(a) = b which were introduced at stage n + 1, where t € I, m € {—1,1}, and
a,b € T,y1,1is when © = o and at least one of @ or b is in X, 11 \ X,. So (ii) easily follows from
the inductive hypothesis.

Now we prove (iii). Assume that { f; : T € A} is separated on X [ y. Consider first the case
when z is not in X,. Then by inductive hypothesis (i), neither g5 (z) nor g, !(z) were defined
at any earlier stage. So by definition, g5(z) and g 1(z) are not in X,,. Hence, the last three
elements of (ay : k < lp41) are z, g5(2), and g 1(z). The relations introduced between these
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three elements at stage 7 + 1 yield no counter-example to (iii), and z, g (z), and g, 1 (z) have no
relations to any elements of {aj : k < [,). (iii) follows from these observations and the inductive
hypothesis.

Next, consider the case when z is in X,. Then z already appears on the sequence {(ay : k < [,).
At stage n + 1, no new relations are introduced between elements of (a; : k < [). Each new
element in X, +1 \ X, has exactly one relation between any other member of X, namely z.
(iii) follows from these observations and the inductive hypothesis.

This completes the construction. It is straightforward to check that each g; is an automorphism
of T | (y + 2). By what we did at stage O, forall t € A, X [ y and X are g,-consistent. Now
assume that { f; : T € A} is separated on X [ y. To show that {g; : © € I} is separated, let
Y C Ty41 be finite. Fix a large enough n so that Y € X,. Then by Lemma 2.9, it suffices to
show that {g; : = € I} is separated on X, as witnessed by the tuple (ao, ...,a;,—1). Suppose
that k < [, and the triple (j, m, 7) satisfies that j < k, m € {—1,1}, t € I, and g (ay) = a;.
By inductive hypothesis (ii), the relation g7"(ax) = a; was introduced by the end of stage n. By
inductive hypothesis (iii), there is at most one such triple. U

Proposition 4.3. Assume the following:
o< <wi;
o X C Ty is finite and has unique drop-downs to o;
{fr : T € 1} is a countable collection of automorphisms of T | (e + 1);
o A C [ is finite.
Then there exists a collection {g : T € 1} of automorphisms of T | (6 + 1) such that:
(1) fr Cgcforalzel;
(2) forallt € A, X | o and X are g,-consistent;
(3) if{fr : T € A} is separated on X | a, then {g, : T € 1} is separated.

Proof. The proof is by induction on §, where the base case and the successor case follow easily
from Lemma 4.2 and the inductive hypothesis. Assume that § is a limit ordinal and the statement
holds for all B with « < B < §. Fix a surjection & : @ — Ts x I such that each member of the
codomain has an infinite preimage. Fix an increasing sequence (Y, : n < ) of ordinals cofinal in
8 with yp = «.

We define by induction in w-many stages the following objects satisfying the listed properties:
a subset-increasing sequence (X, : n < w) of finite subsets of T with union equal to Ty;
a subset-increasing sequence (A, : n < w) of finite subsets of / with union equal to /;
a non-decreasing sequence (8, : n < w) of ordinals cofinal in §;
for each n < w a collection {f : = € I} of automorphisms of T [ (§, + 1), where
S C ftforallm > n;
e partial injective functions /47 from X, to X, foralln < w and t € 4,.

The following inductive hypotheses are maintained for each n < w:

(a) X, has unique drop-downs to 8,

(b) ifn > 0, thenforall t € 4,1, X—1 [ 6p—1 and X,,_1 [ 8, are f*-consistent;

(c) if { fz : T € A} is separated on X [ «, then { /" : v € I} is separated;

(d) forallz € A, and x,y € X,

hi(x) =y < fI(x[8) =y b
Stage 0: Let Xo = X, Ao = A, and §o = « + 1. Apply the inductive hypothesis to find a

collection { 2 : T € I} of automorphisms of 7' | (« + 2) satisfying:
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o f C flforallt €1;

o forallt € A, X [aand X | (& + 1) are f,%-consistent;

e if {f; : T € A}is separated on X | o, then { £0 : T € I} is separated.
Forall x,y € X and t € A, define h%(x) = y iff £2(x [ 80) = y | So.

Stage n > 0: Let 0 < n < w and assume that we have completed stage n — 1. In particular,
we have defined X,,_1, An—1, Sn—1, {fr"_1 :t €1}, and {h’;_1 : T € I} satisfying the required
properties. Let h(n — 1) = (z, 0).

Ifze X, 1,0€ 4,1,z € dom(hg_l), and z € ran(hg_l), then there is nothing for us to
do at stage n. Solet X, = Xp—1, An = An—1,0p = Op—1, f{' = r”_l and h? = h'r’_l for
all ¢ € I. The required properties are immediate. If not, then exactly one of the following cases
holds.

Case 1: Eitherz ¢ X, oro ¢ A,_1. Fix 8, < § larger than 8, and y, such that X,,_; U{z}
has unique drop-downs to 8,. Apply the inductive hypothesis to find a collection { f}* : v € I} of
automorphisms of T [ (§, + 1) satisfying:

(1) fr=1C frforallt € I;

(2) forall t € Ay—1, Xpn—1 [ 0p—1 and X, [ 8, are f*-consistent;

(3) if {fr”_1 1T € Ap—1}is separated on X1 [ 8,—1, then { £ : T € I} is separated.
Define X,, = X,,—1 U{z}and 4, = A,—1 U {o}.

Case2:z € Xy—1,0 € Ap_1,and z ¢ dom(hg_l). Define 6, = 8,—1, Ay = An_1, and
I = ft”_1 forall r € I. We claim that f)'(z | §,) is notin X,_1 [ 8,. For otherwise let x be
the unique element of X, _q such that x [ 8, = fJ'(z [ §,), which exists by unique drop-downs.
By inductive hypothesis (d) applied to n — 1, h271(z) = x, which is a contradiction. Choose some
¢ € Ts which is above fJ'(z | §,). Define X, = X,_1 U {c}, and note that by the claim just
proved, X, has unique drop-downs to §,.

Case3:z € X,,_1,0 € A1,z € dom(hg_l), and z ¢ ran(hg_l). Define 8, = 6,-1,
Ap = Ap—1,and f* = f" ! forall t € I. By the same argument as in Case 2, (/)" (z | §,)
is not in X,,—1 | 84—1. Let d be some element of Ts which is above (£7)"!(z | §,). Define
X = Xn—1 U {d}, and note that X, has unique drop-downs to §,.

Now in any case, define for all t € A, and x, y € X,,

Wi(x)=y < fI'(x[8) =y 6.

Note that in Case 2, hl(z) = ¢, so z € dom(h]), and in Case 3, h.(d) = z, so z € ran(h}).

Inductive hypotheses (a), (b), and (d) are clear. Let us verify inductive hypothesis (c). Suppose
that {f; : T € A} is separated on X | a. By (c) forn — 1, {f*~! : t € I} is separated. In
Cases 2 and 3 we are done. For Case 1, we clearly have that { "' : t € A,_1} is separated on
Xn—1 [ 6p—1. So by statement (3) of Case 1, { f]* : © € I} is separated.

This completes the construction. We claim that for all 0 < n < w and v € A,_1, K} N
X2, =h""' Letx,y € Xy—1. Then h?(x) = y iff f*(x | 8p) = y | 8x (by (d) for n) iff
fPY(x [ 8y—1) = ¥ | 8u—1 (by (b) for n) iff A2~ 1(x) = y (by (d) for n — 1).

Fix © € I. By our bookkeeping, it is clear that i, = (J{h? : n < w, T € A,} is a bijection
from T to Ts. And by (d), it is straightforward to show that g = (J{f} : n < w} U h is an
automorphism of 7 | (§ + 1) satisfying that f; C g,. Lett € A = Ay. Forany x,y € X = X,
by (d) we have that g¢(x) = y iff h%(x) = yiff fr(x @) =y [aiffg.(x [a) =y | a.
Hence, X | o and X are g-consistent.

Now assume that { f; : T € A} is separated on X [ «. To prove that {g; : T € I} is separated,
let Y C Ty be finite. Fix n large enough so that Y € X,,. Then by inductive hypothesis (a), Y has
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unique drop-downs to ,. By inductive hypothesis (c), { f : © € I} is separated on X, | §,. By
Lemma 2.7 (Persistence for Sets), it follows that {g; : T € B} is separated on Y. g

5. THE AUTOMORPHISM FORCING AND ITS BASIC PROPERTIES
We now introduce the main forcing of the article.

Definition 5.1. Let Q be the forcing poset whose conditions are all automorphisms f : T |
(a+1) > T | (¢ + 1), for some ¢« < wi, orderedby g < fif f C g. If f € Qisan
automorphism of T | (a + 1), then « is the top level of f.

Definition 5.2 (Automorphism Forcing). Let P be the forcing poset whose conditions are all func-
tions p satisfying:
(1) the domain of p is a countable subset of k;
(2) there exists an ordinal a < w1, which we call the top level of p, such that for all T €
dom(p), p(t) is an automorphism of T | (a + 1).

Let g < p ifdom(p) € dom(q) and for all T € dom(p), p(t) C q(1).

Definition 5.3 (Consistency). Leta < < w; and let q € Q.
(1) Let X C Tg be finite with unique drop-downs to a. We say that X | a and X are
g-consistent if forall x,y € X, g(x [a) =y [a iff g(x) = y.
(2) Let a = (ao. . ..,an—1) consist of distinct elements of Tg. We say that a | oanda are
g-consistent if for all i, j <n, q(a; | @) =a; [ «iffq(a;) = a;.

Definition 5.4 (Separation). Let o < wy. Suppose that p € P has top level «, A C dom(p), and
a = (ag, . ..,an—1) is an injective tuple whose members are in Ty. We say that {p(t) : T € A} is
separated on a if for all k < n:

(1) forallt € A, p(r)(ar) # ag;
(2) there exists at most one triple (j,m, 1), where j <k, m € {—1,1}, and t € A, such that
p(0)"(ag) = a;.
Definition 5.5 (Separation for Sets). Let ¢ < wi. Suppose that p € P has top level a, A C

dom(p), and X C Ty is finite. We say that {p(t) : T € A} is separated on X if there exists some
injective tuple a which lists the elements of X such that {p(t) : t € A} is separated on a.

The next two lemmas follow immediately by Lemmas 2.2 and 2.4.

Lemma 5.6 (Transitivity). Suppose thata < B <y < w1, r < ¢, and the top levels of q and
r are o and respectzvely Let b be an injective tuple whose members are in T, with umque
drop downs to a. If b [ a and b [ B are g-consistent and b [ B and b are r- consistent, then b [«
and b are r-consistent.

Lemma 5.7 (Persistence). Let o < 8 < wi. Suppose that p € P has top level 2, A C dom(p),
a is an injective tuple whose members are in Ty, and {p(t) : T € A} is separated on a. Then for

any q < p with top level f and any tuple b above a whose members are in Tg, {q(t) : T € B} is
separated on b.
Lemma 5.8 (Persistence for Sets). Let @ < B < w1. Assume that p is a condition with top level

o, g < p, q has top level B, X C Ty is finite and has unique drop-downs to o, and A € dom(p)
is finite. If {p(t) : T € A} is separated on X | «, then {q(t) : T € A} is separated on X.
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Proof. Let a be an injective tuple which lists the elements of X in such a way that {p(7) : T € A}
is separated on a | . Then {g() : T € A} is separated on a by Lemma 5.7 (Persistence). O

Definition 5.9. A condition p € P with top level @ < w; is separated if for any finite set X C Ty,
{p(r) : T € dom(p)} is separated on X.

The next three results follow immediately by Propositions 4.3, 3.1, and 3.2.

Proposition 5.10 (Extension). Leta < B < w1 and let X C Tg be finite with unique drop-downs
to . Suppose that p € P has top level « and A C dom(p) is finite. Then there exists some
q < p with top level B and with the same domain as p such that forallt € A, X | o and X
are q(t)-consistent. Moreover, if {p(t) : T € A} is separated on X | o, then we can find such a
condition q which is separated.

Proposition 5.11 (Key Property). Let « < f < wi. Suppose that ay,...,a,—1 are distinct
elements of Ty, p € P has top level o, A € dom(p) is finite, and {p(t) : T € A} is separated
on (ao,...,an—1). Then for any q < p with top level B and any finite set t C Tpg, there exist
bo,....by—1in Tg \ t such that a; <t b; for alli < n, and for all T € A, (ao....,an—1) and
(bo, . ..,bn—1) are q(t)-consistent.

Proposition 5.12 (1-Key Property). Let @ < 8 < wy. Suppose that ay, . ..,an—1 are distinct
elements of Ty, p € P has top level @, A C dom(p) is finite, and {p(t) : © € A} is separated
on (aop,...,an—1). Fixn < nand b € Tg with az < b. Then for any q < p with top level
B, there exist by, . .. ,by—1 in Tg such that a; <t b; foralli < n, by = b, and for all T € A,
(ag,...,an—1) and (b, ...,by,—1) are q(t)-consistent.

Lemma 5.13. For any 1 < k and p < w1, the set of conditions q € P such that t € dom(q) and
the top level of q is at least p is dense open.

Proof. Given any condition p € IP, we can easily add 7 to the domain of p, for example, by at-
taching to it the identity automorphism. The second part of the statement follows from Proposition
5.10 (Extension). O

Lemma 5.14. For any 19 < 11 < kK, the set of conditions g € P with some top level o satisfying
that tg, 11 € dom(q) and for all x € Ty, q(t9)(x) # q(t1)(x), is dense open.

Proof. The set of such conditions is dense by Lemmas 4.1 and 5.13. It is easy to check that if
a < B, f and g are automorphisms of T [ (B + 1), x € Ty, and f(x) # g(x), then for
any y € Tg above x, f(y) # f(»). This fact easily implies that the set of such conditions in
open. ]

The next lemma follows immediately from Lemma 4.2.

Lemma 5.15 (Separated Conditions are Dense). The set of separated conditions is dense in P.
In fact, suppose that p is a condition with top level y < w1, X C T, 41 is finite with unique
drop-downs to y, A C dom(p) is finite, and {p(t) : T € A} is separated on X | y. Then there
exists ¢ < p with top level y + 1 such that q is separated on T\, 11 and forallt € A, X [ y and
X are q(t)-consistent.

Lemma 5.16. A condition p € P with top level o is separated if and only if for any finite set
A C dom(p) and finite set X C Ty, {p(t) : T € A} is separated on X.
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Proof. The forward direction of the equivalence is immediate. For the converse, assume the sec-
ond statement. It easily follows that for any T € A, p(t) has no fixed-points in T,,. Let X C T, be
finite with size n < w and suppose for a contradiction that {p(7) : t € dom(p)} is not separated
on X . For any injective tuple d = (ay, . .., an—1) which lists the elements of X, we can find some
k < n and distinct triples (jo,mo, to) and (j1,m1, 1) such that fori < 2, j; < k,m; € {—1,1},
7; € dom(p), and p(t;)™i(ax) = aj;. There are only finitely many such enumerations, so we
can find a finite set A € dom(p) such that for any such enumeration, the fixed triples (jo, 79, 7o)
and (j1,m1, 1) described above satisfy that 79 and 7; are in A. Now it is easy to check that
{p(t) : T € A} is not separated on X, which is a contradiction. O

Lemma 5.17 (Generalized Key Property). Let o < § < wy. Suppose that p € P has top level
a, b is a finite tuple with height «, A C dom(p) is finite, and {p(t) : T € A} is separated on b.

Assume that ry, . ..,rn—1 < p are conditions with top level &, {h, : © € B} is a finite family of
automorphisms of T | (§ + 1), and t C Ty is finite. Then there exist tuples a®,...,a" ! above b

with height & such that:

(1) forallt € Aand j < n, b and @’ are rj(t)-consistent;

Q) a® [ (a+1),....,a" V[ (@+ 1) andt | (@ + 1) are pairwise disjoint;

(3) forallx €t, v € B, and m € {—1, 1}, h"(x) is not in any of the tuples a%,....a"1;

(4) forallt € B, m € {—1,1}, and distinct i, j < n, if x is in the tuple a' then h'(x) is not
in the tuple a’.

Proof. The proof is by induction on n > 0. Let n > 0 be given, and assume that the statement
holds for n — 1 (in the case that n > 1). Assume that rg,...,r,—1 < p are conditions with top
level £, {h; : T € B} is a finite family of automorphisms of 7 [ (§ + 1), and ¢ C T is finite.
Applying the inductive hypothesis in the case thatn > 1, fix @°, ..., a" 2 above b with height &
satisfying (1)-(4).

Define r,;"_l to be the condition with the same domain as r,—1 so that for all ¢ € dom(r,—1),
rp_1(t) = rp—1(t) [ (@ +1). Thenr,—y < r,_; < pandr;_, hastoplevel « + 1. Let Z
be the finite set of elements of T, which are in one of a° | (@ + 1),...,a" "' | (@ + 1) or
t | (e + 1), or else of the form h7'(x) [ (e + 1), where T € B, m € {—1,1}, and x is in one
of @°,...,a" ! orin t. By Proposition 5.11 (Key Property), find a tuple »”~! > b with height
o + 1 such that for all T € A, b and b" ! are 1y, (t)-consistent, and b"~1 is disjoint from Z.
By Lemma 5.7 (Persistence), {r,_,(t) : © € A} is separated on pn-1. Apply Proposition 5.11

(Key Property) again to find a tuple a” with height £ above b"=1 such that for all T € A, b"~!
and a"~! are r,,_1 (t)-consistent. O

6. MORE PROPERTIES OF THE AUTOMORPHISM FORCING

In this section, we prove two propositions which we use later to derive some of the strongest
properties of the automorphism forcing. In these results, the assumption of the freeness of T
together with our analysis of the notions of consistency, separation, and the Key Property are of
critical importance.

Lemma 6.1. Suppose that D is a dense open subset of P and p € P has top level §&. Let A C
dom(p) be finite. Consider a tuple a of height & and assume that {p(t) : T € A} is separated on
da. Let X be the set of all ¢ in the derived tree Ty for which there exists some ¢ <p p in D whose
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top level equals the height of ¢ such that for all T € A, a and ¢ are q(t)-consistent. Then X is a
dense open subset of Tj.

Proof. For openness, consider a tuple b € X as witnessed by a condition ¢ <p p. Let ¢ be a tuple
such that b < & and & has height {. By Proposition 5.10 (Extension), find r <p ¢ with top level
¢ such that for all t € A, b and ¢ are r(t)-consistent. Since D is open, r € D. By Lemma 5.6
(Transitivity), for all T € A, a and ¢ are r(t)-consistent. So r witnesses that ¢ € X.

To show that X’ is dense, consider b € T with height § > £. By Proposition 5.10 (Extension),
fix ¢ <p p with top level § such that for all T € A4, a and b are q(t)-consistent. By Lemma 5.7
(Persistence), {g(t) : T € A} is separated on b. Let E be the set of condition s € P such that s
has top level greater than §. By Proposition 5.10 (Extension), E is dense, and clearly E is open.
So D N E is dense open. Fix r <p ¢ in D N E and let p be the top level of r. Then p > §. Since
r <gand{q(t): t € A} is separated on I; by Proposition 5.11 (Key Property) we can find some
¢ with height p such that b < candforall T € A, band ¢ are r(t)-consistent. By Lemma 5.6
(Transitivity), for all T € A, @ and ¢ are r(t)-consistent. So r is a witness that ¢ € X. O

Proposition 6.2 (Consistent Extensions Into Dense Sets). Suppose that T is a free Suslin tree. Let
A be a large enough regular cardinal and let N be a countable elementary substructure of H(A)
containing as members T, k, and P. Let § = N N w1. Assume that D € N is a dense open subset
of P, p € N NP has top level B, and A C dom(p) is finite. Let a have height § with unique
drop-downs to B such that {p(t) : T € A} is separated on a | B. Then there exists some ¢ <p p
in D N N whose top level is some ordinal y < § such that forallt € A, a | Banda | y are
q(t)-consistent.

Proof. Let X be the set of all tuples b in the derived tree T7,p satisfying that for some g <p p in

D,forallt € A,a | B and b are q(t)-consistent. Note that X € N by elementarity, and X is
dense open in T g by Lemma 6.1. Since X is dense open and 7' is free, fix y > f such that any
member of 77,5 whose elements have height at least y is in X'. By elementarity, we can choose
y € NNw; =3§. Thena [ y € X, which by elementarity can be witnessed by some g € D N N.
Clearly, g is as required. U

Proposition 6.3 (Consistent Extensions for Sealing). Suppose that T is a free Suslin tree. Let A
be a large enough regular cardinal and let N be a countable elementary substructure of H(A)
containing T, k, and P. Let § = N N wy. Assume that E € N is a P-name for a dense open
subset of T

Let p € N NP have top level y. Suppose that @ = (ay, . ..,a;_1) has height 8, a has unique
drop-downs to y, and j < l. Assume that A C dom(p) is finite and {p(t) : T € A} is separated
ona | y. Then there exists some r <p p in N with some top level § such that r \Fp a; € E and
forallt € A, a | yanda | & are r(t)-consistent.

Proof. Let X be the set of all d = (do, ..., d;—1) in the derived tree T7,,, satisfying that for some

r <p p with top level equal to the height of j, rikpdi e Eandforallt € A,a | y and d are
r(z)-consistent. Note that X € N by elementarity. We claim that X" is dense open in 753, To
show that X" is dense, consider b = (bo, ..., by—1) in T3}, whose elements have height { > y.
By Proposition 5.10 (Extension), find ¢ <p p with top level ¢ such that forall T € 4, a | y and
b are q(t)-consistent. As {p(z) : T € A} is separated on d [ y, Lemma 5.7 (Persistence) implies
that {g(t) : T € A} is separated on b.
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Since E is forced to be dense open in T, fix r <p g with some top level ¢ and fix ¢ above
b; with some height p such that r IF ¢ € E. By extending further if necessary using Lemma
5.10 (Extension) and using the fact that E is forced to be open, we may assume without loss of
generality that § = p > . By Proposition 5.12 (1-Key Property), we can find d = (do,...,d;—1)
above b such that di = c and for all 7 € A, b and d are r(t)-consistent. By Lemma 5.6
(Transitivity), forall T € A,a | y and d are r(t)-consistent. Sob<delX.

To show that X is open, suppose that d = (do,...,d;j_1) is in X as witnessed by r, and let
¢ = (eo,...,ej_1) be above d of height &. We show that ¢ € X'. By Proposition 5.10 (Extension),

find s <p r with top level £ such that for all T € A, d and & are s(t)-consistent. Since E is forced
to be open and r IFp d; € E , it follows that s IFp e; € E. By Lemma 5.6 (Transitivity), for all
T € A,a | y and ¢ are s(t)-consistent. So € € X.

Since X is dense open and T is free, we can fix some § > y such that any member of T3,
whose elements have height at least £ is in X'. By elementarity, we can choose £ in N N w; = 4.
Soa | & € X, which by elementarity can be witnessed by somer € N. Sor IFpaj | £ € E and
forallt € A,a | yanda | & are r(t)-consistent. Since E is forced to be open, r lFp aj € E. O

7. PRESERVING CARDINALS AND SUSLINNESS

We are now ready to prove that if T is a free Suslin tree, then the forcing poset PP is totally
proper, preserves the fact that 7" is Suslin, and adds a sequence of length « of almost disjoint
automorphisms of 7. Also, assuming CH, P is w;-c.c. In particular, if T is a free Suslin tree, CH
holds, and ¥ > w5, then PP forces that T is an almost Kurepa Suslin tree.

Many of the proofs in the rest of the article involve constructing total master conditions over
countable elementary substructures. The next two lemmas provide tools for such constructions.

Lemma 7.1 (Constructing Total Master Conditions). Let A be a large enough regular cardinal
and assume that N is a countable elementary substructure of H(A) which contains as elements
T, k, Q andP. Let 5§ = N N w;y.

Assume the following:

(1) (85 : n < ) is a non-decreasing sequence of ordinals cofinal in §;
(2) (pn : n < w) is a decreasing sequence of conditions in N N P, where each py has top
level 6,
(3) (A : n < w) is a subset-increasing sequence of finite subsets of N N k with union equal
to N Nk;
4) (X, : n < w) is a subset-increasing sequence of finite subsets of Ts with union equal to
Ts, where each X, has unique drop-downs to 8y
(5) thnr :n < w, T € An} is a family of functions, where each hy  is an injective partial
Sfunction from X, to Xp;
(6) forallz € Tg and Tt € N Nk, there exists some n < w such that z is in the domain and in
the range of hp ¢,
(7) foralln < w and t € Ay:
(a) T € dom(pp);
(b) Xy [ 8y and Xy, | $n+41 are py+1(7)-consistent;
(c) forallx,y € Xp, hn,«(x) =y iff pn(T)(x [ 8n) =y [ én.
Let g be the function with domain N N « such that forall t € N Nk,

q(t) = U{pn(r) nm<w, 1€ AU U{hn,r n<w, T € Ay},
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Then g € P, q has top level §, and q < py foralln < w. Foralln < w and for all T € A,
Xy | 85 and X, are q(t)-consistent. Moreover, if for all dense open sets D € N there exists some
n such that p, € D, then q is a total master condition over N.

Proof. We claim that for alln < w and t € Ay, hpg1,: N X,% = hp Letx,y € X,. By
(2) and (7), hp o (x) = y iff pp(0)(x [ 8p) = y [ 8n iff pui1(D)(x | Spt1) = y [ Sy iff
hnt1,2(x) = y. It follows from this fact together with (4), (5), and (6) that for each r € N Nk,
Udhn,r :n <o, T € Ay} is a bijection from Ty onto T.

Let 7 € N Nk and we show that ¢(7) is strictly increasing. It suffices to show that if x € Ty
and y < 6, then ¢(t)(x) is above ¢(t)(x | y). Fix n < w large enough so that x € X, T € A,,
and 8, > y. By (7), q(v)(x) = hp,z(x) is above p,(7)(x [ 8,). Since p, is strictly increasing,
Pr(T)(x | 84) is above pa(t)(x [ ) = ¢(1)(x | 7).

Sogq € Pand g < p, for all n < w. The other statements are easy to verify. U

Lemma 7.2 (Augmentation). Let A be a large enough regular cardinal and assume that N is
a countable elementary substructure of H(A) which contains as elements T, k, Q, and P. Let
6 = N N wi. Suppose the following:

p € N NP has top level y;

B C dom(p) is finite;

z € Ty and 0 € dom(p);

X C T is finite and X U {z} has unique drop-downs to y;
{p(z) : T € B} is separated on X | y.

Then there exists some q < p in N N P with top level y + 1 and there exists a finite set Y C T
satisfying:
(1) forallt € B, X [ yand X | (y + 1) are q(v)-consistent;
2) X U{z} C Y and Y has unique drop-downs to y + 1;
(3) {q(r) : t € BU{0}}is separatedon Y | (y + 1),
(4) let h} be the partial injective function from Y to Y defined by letting, for all x,y € Y,
hi(x)=yiffqo)(x | (y +1)) =y | (y + 1), then z is in the domain and range of h.

Proof. Apply Lemma 5.15 (Separated Conditions are Dense) and elementarity to find a separated
condition ¢ < p in N NP with top level y + 1 satisfying that forallt € B, X [ yand X [ (y +1)
are ¢(t)-consistent. Define

W={z1(+1),q0)cI+D),¢q@) " CIE+1)}\ &XIF+1).

Note that by unique drop-downs of X U {z},ifz ¢ X thenz [ (y + 1)isnotin X [ (y + 1).
Soif zisnotin X, then z [ (y + 1) isin W. Choose a set Y C Ty consisting of the elements
of X together with exactly one element of Ts above each member of W, and such that if z ¢ X
then the element of ¥ above z [ (y + 1) is z. Note that Y has unique drop-downs to y + 1 and
Yiy+hH=X[(r+HuUuw.

Conclusions (1), (2), and (3) are clear. (4): Note that g(o)(z | (y + 1)) iseitherin X | (y + 1)
orinW. AsY [ (y+1) = (X [ (y + 1)) UW, in either case we can fix ¢ € Y such that
¢ 1y +1)=q(©)(z | (v + 1)). Then by the definition of i}, q(0)(z | (y + 1) = ¢ | (y + 1)
implies that 1} (z) = ¢, so z € dom(h}). The proof that z is in the range of i} is similar. [

Theorem 7.3. Suppose that T is a free Suslin tree. Then the forcing poset P is totally proper and
preserves the fact that T is Suslin.



22 JOHN KRUEGER AND SARKA STEJSKALOVA

Proof. Let A be a large enough regular cardinal. Let N be a countable elementary substructure
of H(A) containing as members 7', x, Q, and P. Let § = N N w;. Suppose that p € N NP
and £ € N is a P-name for a dense open subset of 7. We prove that there exists a total master
condition ¢ < p over N such thatg IF Ts C E. The theorem easily follows.

So let N, §, p, and E be given. Let o be the top level of p. Fix an increasing sequence
(yn : n < ) of ordinals cofinal in § with Y9 = & and an enumeration (D,, : n < w) of all of the
dense open subsets of P which lie in N. Fix a surjection g : @ — 3 x Ts x (N N «) such that
every element of the codomain has an infinite preimage.

We define the following objects by induction in w-many stages:

e a subset-increasing sequence (X, : n < w) of finite subsets of T with union equal to Ty;

e a subset-increasing sequence (A4, : n < w) of finite subsets of N N « with union equal to
N Nk;

e anon-decreasing sequence (8, : n < w) of ordinals cofinal in §;

e a decreasing sequence (p, : n < w) of conditions in N N P such that po = p and for all
n, &, is the top level of py;

e foreachn < wand o0 € N Nk, an injective partial function %, , from X, to X,,.

In addition to the properties listed above, we maintain the following inductive hypotheses for all
n<w:

(1) X, has unique drop-downs to 6;;

(2) A, € dom(py) and {p,(7) : T € Ay} is separated on X, [ 8y;
(3) forall T € Ay, X, | 6, and Xy, | 8,41 are pn+1(t)-consistent;
(4) forallt € A, and x,y € X,

hn(x) =y <= pu()(x [84) =y | On.

Stage 0: Let Xo = @, Ag = @, §o = «, and py = p.

Stage n + 1: Let n < w and assume that we have completed stage n. In particular, we have
defined Xy, Ay, 8n. pn, and hy ; for all T € A, satisfying the required properties. Let g(n) =
(no,z,0).

Case a: ng = 0. Apply Proposition 6.2 (Consistent Extensions Into Dense Sets) and Lemma
5.13 to find a condition p,4+1 < pp in N N (., Dk with 0 € dom(p,+1) and top level some
ordinal 8,41 greater than y,4; such that for all T € A,, X, [ 6, and X, | 8p+1 are pp41(7)-
consistent. Define X,+1 = X, and A,+1 = A,. Define for all t € A,4; a partial function
hn+1,7 as described in inductive hypothesis (4). It is routine to check that the required properties
are satisfied.

Caseb:ng = 1. If z ¢ X, then let Xp+1 = Xp, An+1 = An, Sn+1 = On, Pnt+1 = pn, and
hpt1,0 = hn,c forall T € A,. Suppose that z € X,. Fix an injective tuple @ = (ag, ...,a;—1)
which lists the elements of X, and fix j < [ such that z = a;. Applying Proposition 6.3
(Consistent Extensions for Sealing), fix p,+1 < p in N N P with some top level 8,41 such that
Pnt+1 lbpoa; € Eandforallt € Ay, d | 8, and @ | 8,41 are pn41(7)-consistent. Then
Pn+1 lFp z € E and forall T € Ap, Xp | 8, and X, | On+1 are pp+1(t)-consistent. Let
Xnt+1 = Xy and A, 41 = Aj. Define for all T € A, a partial function 4,41, as described in
inductive hypothesis (4). The required properties are clearly satisfied.

Case c:ng = 2. If 0 ¢ dom(py), then let X,, 41 = Xp, An+1 = An, Sn+1 = 6n, Pn+1 = Pn>»
and hy41,c = hp . forall T € A,. Now suppose that o € dom(p,). Fix y < § larger than §, and
Yn+1 such that X, U {z} has unique drop-downs to y. Apply Proposition 5.10 (Extension) to find
Py < pn with top level y such that for all t € 4,, X,, | §, and X, | y are p;,(7)-consistent.
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Apply Lemma 7.2 (Augmentation) to find p,4+1 < p, with top level y + 1 and a finite set
Y C Ty satistying:
(1) forallt € A,, Xy | yand X, | (y + 1) are p,41(7)-consistent;
(2) X, U{z} C Y and Y has unique drop-downs to y + 1;
3) {pn+1(r) : 71 € Ay U{o}}isseparatedon Y | (y + 1);
(4) let h,t - be the partial injective function from Y to Y defined by letting, for all x,y € Y,
hi(x) = yiff ppt1(0)(x | (y + 1)) = y | (y + 1); then z is in the domain and range
of byt .

Let Xpyy1 =Y, A,41 = A, U{o},and 6,41 = y + 1. For each 7 € A, 1, define a partial
injective function s, 41, from X, 1 to X, 41 as described in inductive hypothesis (4). Note that
hnt1,0 = h,J{, &> S0 z is in the domain and range of /1, 41,,. The inductive hypotheses are clearly
satisfied.

This completes the construction. By our bookkeeping, it is routine to check that the assumptions
of Lemma 7.1 (Constructing Total Master Conditions) hold. Fix a total master condition g over N
such that ¢ < p, for all n. Reviewing Case (b) and our bookkeeping, it is easy to show g forces
that Ts C E. O

Lemma 7.4. Let A be a large enough regular cardinal and let N be a countable elementary
substructure of H(A) which contains as members T, k, Q, and P. If q is a total master condition
over N such that dom(q) = N Nk, then q is separated.

Proof. Let § = N N w;. By Lemma 5.16, to show that ¢ is separated it suffices to show that
whenever A € dom(q) and X C Ty are finite sets, then {g(t) : T € A} is separated on X. Fix
¢ < § large enough so that X has unique drop-downs to £. Let D be the set of conditions s with
top level at least £ such that A C dom(s) and s is separated. By Lemmas 5.13 and 5.15 (Separated
Conditions are Dense), D is dense and D € N by elementarity. Since ¢ is a total master condition,
we can find some s € N N D such that ¢ < 5. Let p be the top level of s. As p > &, X has
unique drop-downs to p. Since s is separated, {s(t) : T € A} is separated on X [ p. By Lemma
5.8 (Persistence for Sets), {¢(t) : T € A} is separated on X. O

Proposition 7.5. Assuming CH, the forcing poset P is wy-c.c.

This follows by a standard application of the A-system lemma, assuming CH, to an w;-sized
collection of countable sets.

Let us say that two automorphisms of T are almost disjoint if they agree on only countably
many elements of 7', or in other words, their graphs have countable intersection.

Proposition 7.6. Suppose that T is a free Suslin tree. Then P forces that there exists an almost
disjoint sequence of length k of automorphisms of T .

Proof. Let G be a generic filter on P. For each © < &, let f; := (J{p(r) : p € G, T € dom(p)}.
By Lemma 5.13 and a density argument, it is easy to check that each f; is an automorphism of
T. Consider 19 < 71 < k. By Lemma 5.14, we can find @ = a4, r; < w1 such that for all
x € To, fro(X) # fo(x). Butif x <7 yand foo(x) # fr,(x), then fo,(y) # fo,(¥). So
xeT: fro(x) = fe,X)} ST | otgy,7- O

Proposition 7.7. Suppose that T is a free Suslin tree, kK > w,, and CH holds. Then P forces that
T is an almost Kurepa Suslin tree.

Proof. Let G be a generic filter on P. By Theorem 7.3, T is Suslin in V[G] and by Proposition
7.5, wy is preserved. In V[G], let { fz : T < k} be an almost disjoint family of automorphisms of
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T. Force with the c.c.c. forcing T over V[G] to get a generic branch b of T'. In V[G][b], define
by = f¢[b] forall T < k. For any 79 < 171 < K, since fy, and fz, are almost disjoint, it is easy
to conclude that b, = f7,[b] and b, = f,[b] have countable intersection. So (b; : 7 < k) is a
sequence of k-many distinct cofinal branches of 7. Hence, T is a Kurepa tree in V [G][b]. 0

8. MORE ABOUT CONSTRUCTING AND EXTENDING AUTOMORPHISMS

We now turn toward proving that the automorphism forcing does not add new cofinal branches
of wj-trees appearing in certain intermediate extensions. In this section, we prove three technical
lemmas about extending countable families of automorphisms one level higher in order to achieve
some desirable properties. These lemmas anticipate configurations which appear in proofs occur-
ring in later sections. Specifically, Lemmas 8.1 and 8.2 are used in the proof of Lemma 10.4, and
Lemma 8.3 is used in the proof of Lemma 9.6. The proofs of Lemmas 8.1 and 8.2 are fairly simple
and almost identical. Lemma 8.3 is essentially an expansion of Lemma 4.2 to a more elaborate
context.

Lemma 8.1. Let y < wy and let {f; : © € I} be a countable family of automorphisms of
T (y+1). Let A< B C I be finite. Let Y, Z C Ty41 be finite sets each with unique drop-
downs to y such that Y N Z = Q. Then there exists a family {g, : © € 1} of automorphisms of
T | (y + 2) such that:

(1) forallt € I, fr C g/

(2) forallt € B,Y | y and Y are g;-consistent;

(3) forallt € A, Z | y and Z are g-consistent;

(4) forallt € B\ Aandforall x € Z, g.(x) and g;1(x) arenotinY U Z.

Proof. Fix abijectionh : @ — Ty41 x 1. Let g | (y +1) = fr forall r € I. We define the
values of the functions g; on T4+ in w-many stages, where at any given stage we have defined
only finitely many values for finitely many g;’s. We also define a subset-increasing sequence
(Xn : n < w) of finite subsets of T, 1.

Atstage O, forallt € Bandx,y € Y,letg.(x) = yiff ff(x [y) =y [ y. Andforallt € A
andx,y € Z,letg;(x) = yiff fr(x [y)=y [y.LetXo=Y UZ.

Now let n < w and assume that we have completed stage n. In particular, we have defined
the finite set X, € T, 4. Consider h(n) = (z,0). Stage n + 1 consists of two steps. For the
first step, if g4 (z) is already defined, then move on to step 2. Otherwise, define g4 (z) to be some
element of 7}, 1 above f;(z | y) which is not in X, U {z}. This is possible since T is infinitely
splitting. For the second step, if g !(z) is already defined, then we are done. Otherwise, define
g5 !(z) to be some element of 7,41 which is above f;1(z | y) and is not in X, U {z, g»(2)}.
Again, this is possible since T is infinitely splitting. Define X, 4+1 = X, U {z, g5(2), g5 (2)}.

This completes the construction. It is routine to check that this works, using what we did at
stage 0 to show (2) and (3), and using the sets X}, to show injectivity and (4). ]

Lemma 8.2. Let y < wy and let { f; : © € I} be a family of automorphisms of T | (y + 1).
Let A € B C I be finite sets. Let by, . ..,by,_1 be distinct elements of Ty, and let cg, ..., cpn—1
and dy, . . ., dn—1 be distinct elements of Ty, 1 such that for all k < n, by <t ¢ and by <t d.
Define C = {cy : k <n}and D = {dy : k < n}. Let Y C T, be finite and assume that
(CuD)NYy =40a.

Then there exists a family {g. : T € 1} of automorphisms of T | (y + 2) such that:

(1) forallt € I, fr C g
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(2) for all © € A, the tuples (by,...,by,—1) and (co,...,cn—1) are gy-consistent and the
tuples (b, ...,by—1) and (do, ..., dn—1) are g¢-consistent;

(3) forallx € C: ift € A, then g.(x) and g;'(x) arenotinY U D, and if t € B \ A, then
gr(x) and g7 (x) arenotinC UD UY;

(4) forall x € D: ift € A, then g.(x) and g,_l(x) arenotinY UC, and ift € B\ A, then
g:(x) and g1 (x) arenotinC UD UY;

(5) forallx € Y and T € B, g;(x) and g; ' (x) arenotin CUD UY.

Proof. Fix abijectionh : @ — Ty41 x 1. Let g¢ | (y +1) = fr forall r € I. We define the
values of the functions g; on T4+ in w-many stages, where at any given stage we have defined
only finitely many values for finitely many g;’s. We also define a subset-increasing sequence
(Xn : n < w) of finite subsets of T, 1.

Atstage 0, forall T € Aand i, j < n, define g;(c;) = ¢; iff fz(b;) = bj and g.(d;) = d; iff
Je(bi) =bj. Let Xo =Y UC U D.

Now let n < w and assume that we have completed stage n. In particular, the finite set X; C
T} 41 has been defined. Consider h(n) = (z,0). Stage n + 1 consists of two steps. For the
first step, if g4 (z) is already defined, then move on to step 2. Otherwise define g4 (z) to be some
element of 7}, ;1 above f;(z | y) whichis not in X, U {z}. This is possible since 7 is infinitely
splitting. For the second step, if g5 !(z) is already defined, then we are done. Otherwise define
g5 () to be some element of T+ which is above f, !(z) and notin X, U {z, g»(2)}. Again,
this is possible since T is infinitely splitting. Define X, 11 = X, U {z,85(2), g5 L))

This completes the construction. It is routine to check that this works. U

Lemma 8.3. Assume the following:

o Yy <wiandn < w;

e X C Ty is finite and has unique drop-downs to y;

o {f; : T € I} isacountable collection of automorphisms of T | (y + 1);

o {Io} U{Jy : k < n}isapartition of I;

o {A}U{Ay : k < n}is afamily of finite sets, where A C 1o and Ay C Jy, for each k < n;
e forallk <n,{f; 1t € AU Ay} is separated on X | y.

Then there exists a family {g; : T € I} of automorphisms of T | (y + 2) satisfying:

(1) fr S gcforalltel;
(2) forallt € AU Uy, Ak, X | y and X are g-consistent;
(3) forallk <n, {g; : t € Io U Ji} is separated.

Proof. Fix abijectionh : w — Ty, 41 x I. Foreacht € I, define g; [ (y + 1) = f7.

We define the values of the functions g; on 7,11 in w-many stages. In addition, foreachk < n
we define an injective sequence (a;c : | < w) which enumerates 7, +1. At any given stage p < w,
we have defined a set X}, of some finite size /,, and also defined, for each k < n, an injective
enumeration (afc : [ < lp) of X, which is an initial segment of the sequence (ag‘ < w).

We maintain the following inductive hypotheses:

(i) forall p < w, if the value g7*(a) = b is defined at stage p, where t € [ andm € {—1, 1},
thena and b arein Xp,a # b,and f"(a [y) =D | y;

(ii) forall pg < p1 < w, if a and b are in X, and g7 (a) = b has been defined by the end of
stage p1, where € [ and m € {—1, 1}, then g7*(a) = b has been defined by the end of
stage po;
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(iii) forallk < n, p < w, and ! < [,, there exists at most one triple (j, m, t), where j < [,

m € {—1,1}, and t € Iy U Ji, such that g’rn(af) has been defined by the end of stage p
k

-

Stage 0: Foreach v € AU J;_, Ax and x,y € X, define g.(x) = yiff fr(x [y) =y [ y.
Define Xog = X and lp = |X]|. Foreach k < n, since {f; : T € AU Ag} is separated on
X | y, we can fix an injective sequence (alg, . ,a;‘O_l) which lists the elements of X so that

and gi"(a;‘) =a

{fr 1T € AU Ay} is separated on a¥ | y, where aF = (ak, ... ,af‘o_l).

Let us check that the inductive hypotheses hold. (i) Suppose g7*(a) = b is defined at stage 0,
where t € [ and m € {—1, 1}. By flipping @ and b if necessary, we may assume without loss of
generality that m = 1. Then by construction, ¢ and b are in X = Xo, 7 € AU |J;,, Ak, and
fr@ly)=>b]y. Fixk <nsuchthatt € AU Ag. Since {f; : T € AU Ay} is separated on
X Ty,aly#b]y,and hencea # b.

(ii) is vacuously true. (iii) Fix k < n and [ < ly. Suppose that there exists a triple (j, m, 7),
where j <[,m € {—1,1},and t € Iy U J, such that gi”(aé‘) = a}‘ has been defined by the end
of stage 0. Then by what we did at stage 0, T € A U Ay. Since { f; : T € AU Ay} is separated on
ak |y, the triple (7, m, ) must be unique.

Stage p + 1: Let p < w and suppose that stage p is complete. In particular, we have defined
X, and for each k < n we have defined an injective sequence (af€ : | < [lp) which lists the
elements of X, satisfying the required properties. Let 2(p) = (z, 0).

We define g5 (z) and g ! (2) in two steps, where at each step we use the fact that 7 is infinitely
splitting. In the first step, if g4 (z) is already defined, then move on to step two. Otherwise, define
8o (2) to be some member of Ty, 41 which is above f;(z | y) andis notin X, U{z}. In the second
step, if g5 1 (z) is already defined, then we are done. Otherwise, define g, !(z) to be some member
of Ty+1 which is above g 1(z | y) and is not in X, U {z, g5 (2)}.

Let Xp4+1 = Xp U{z,86(2), g5 (2)} and [p41 = |Xp41]. For each k < n, define (a;c <
lp4+1) by adding at the end of the sequence (a;C : | < [,) those elements among z, g4(z), and
g5 ! (z) which are not already in X, in the order just listed.

Let us check that inductive hypotheses (i)-(iii) hold for p + 1. (i) is clear. For (ii), the only
new equations of the form g7"(a) = b which were introduced at stage p + 1, where t € I,
m € {—1,1}, and a,b € T, 41, is when at least one of a or b is in X, 41 \ X,. So (ii) easily
follows from the inductive hypothesis.

Now we prove (iii). Fix k < n. Consider first the case when z is not in X,. Then by inductive
hypothesis (i), neither g5 (z) nor g, 1(z) were defined at any stage earlier than p + 1. So by how
we defined go(z) and g, !(z) at stage p + 1, go(2) and g, !(2) are not in X,. Hence, the last
three elements of (a;c 1 < lp41) are z, g(2), and g, !(2). The relations introduced between
these three elements at stage p + 1 yield no counter-example to (iii), and z, g5(z), and g 1(2)
have no relations to any elements of (a;C : 1 <p). So (iii) follows by the inductive hypothesis.

Next, consider the case when z is in X,,. Then z already appears on the sequence (a;c < p).
At stage p + 1, no new relations are introduced between elements of (a;C : 1 < Ip). Each new
element in X, 1 \ X, has exactly one relation with elements of X, 1, namely with z. So (iii)
follows by the inductive hypothesis.

This completes the construction. It is routine to check that each g, is an automorphism of
T | (y + 2) extending f;. By what we did at stage 0, forallt € AU J,, A4, X [ y and X are
gc-consistent.
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Now consider k < n, and we show that {g; : T € IoU J}} is separated. By inductive hypothesis
(i), g¢ has no fixed points in 7,41 forany v € Io U Ji. Let Y C T, be finite. Fix a large
enough p < w sothat Y C X,. Then by Lemma 2.9, it suffices to show that {g; : 7 € o U Ji}
is separated on X, as witnessed by the tuple (ag, . ,ai_l). Suppose that [ < [, and (j,m, 1)

satisfies that j < I, m € {—1,1}, t € Ip U Ji, and g;”(af‘) = a}‘. By inductive hypothesis (ii),

the relation g7 (a;‘) = a}‘ was introduced by the end of stage p. By inductive hypothesis (iii),
there is at most one such triple. U

9. REGULAR SUBORDERS AND GENERALIZED PROPERTIES

In this section, we generalize many of the main properties of P to the context of regular subor-
ders of P.

Definition 9.1. For any set X C «k, let Py denote the suborder of P consisting of all p € P such
that dom(p) C X.

The proof of the following is routine.
Proposition 9.2. For any set X C k, Py is a regular suborder of P.

Of particular interest for us is Py, where 6 < k. The main goal of the remainder of the article
is to show that whenever # < k and U is a Pg-name for an w;-tree, then P forces that any cofinal
branch of U in V¥ isin V¢, When 6 < « is fixed, we write <g for the ordering on Py, mainly to
emphasize that the conditions we are relating are in Pg. On the other hand, when we write < we
mean the ordering on PP.

Many previously discussed properties of P were of the form that some condition can be ex-
tended to a higher level satisfying some additional information. Now we have finitely many con-
ditions, all with the same restriction to IPg, and we simultaneously extend those conditions so that
the extended conditions also have the same restriction to Pg. We refer to this type of result as
generalized versions of the earlier results.

Lemma 9.3 (Simple Generalized Extension). Let 60 < k. Assume the following:
oy < é—' < w1,
e p e Phastoplevel y, w € Py has top level £, and w <g p | 0;
e B C dom(p);
e X is a finite subset of Tg with unique drop-downs to y;
e forallt € BNO, X | y and X are w(t)-consistent.

Then there exists a condition q¢ < p with top level & and domain equal to dom(w) U dom(p) such
thatq | 0 = w and forallt € B, X | y and X are q(t)-consistent.

Proof. Apply Proposition 5.10 (Extension) to the condition p [ [0, ) to find a condition s < p |
[0, k) with top level £ and with the same domain as p [ [0, «) such that forallt € B\ 6, X [y
and X are s(t)-consistent. Now let ¢ = w U's. O

Lemma 9.4 (Generalized Extension). Let 0 < k. Assume the following:
oy <& <wy;

{po, ..., Pn—1} is a finite set of conditions in P all with top level y;

v € Pgandforallk <n, pr | 0 = v;

B - mk<n dOIIl(pk),'
X is a finite subset of Ty with unique drop-downs to y.
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Then there exists a set of conditions {po, ..., pn—1} all with top level & and there exists some
0 € Py such that for all k < n:

(1) Pk = pis

(2) pr 10 =71,

(3) forallt € B, X | y and X are py(t)-consistent.
Moreover, if w <g v is a fixed condition with top level & such that forallt € BN O, X | y and
X are w(t)-consistent, then we can also arrange that b = w.

Proof. We apply Proposition 5.10 (Extension) several times. In the case of the moreover clause,
let v = w. Otherwise, apply Proposition 5.10 (Extension) to find & < v with top level & and the
same domain as v such that forallT € BN 6@, X | y and X are v(7)-consistent. For each k < n,
apply Proposition 5.10 (Extension) to find s < pi [ [0, k) with top level & and the same domain
as pi | [0,«) suchthatforallT € B\ 0, X [ y and X are py (t)-consistent. Now let pp = 0 U s,
for all k < n. ([l

Lemma 9.5 (Generalized Consistent Extensions Into Dense Sets). Suppose that T is a free Suslin
tree. Let 0 < k. Let A be a large enough regular cardinal and let N be a countable elementary
substructure of H(A) which contains as members T, k, Q, P, and 0. Let 6 = N N wy. Assume
that:
D € N is adense open subset of P;
{Po, ..., Pn—1} is a finite set of conditions in N N P all with top level &;
ve NNPyandforallk <n, pip | 60 = v;
X C Ty is finite and has unique drop-downs to &;

® B C (i<, dom(py) is finite;

e foreachk < n, {pr(t) : v € B} is separated on X | §.
Then there exist qo, . ..,qn—1in N N D, w € N NPy, and y < § satisfying that for all k < n,

(1) gx < pr, qx has top level y, and qi. | 0 = w;
(2) forallt € B, X [ £ and X | y are g (t)-consistent.

Proof. The proof is by induction on n. For the base case n = 1, the statement follows immediately
from Proposition 6.2 (Consistent Extensions Into Dense Sets). Now assume that 7 > 1 and the
statement holds for n. Consider D, {po,..., pn}, & v, X, and B as above. By the inductive
hypothesis applied to the set {po, ..., pn—1}, fixXqo,...,gn—1 N NN D, we NNPg,andy < §
satisfying properties (1) and (2). In particular, (2) implies that forallt € BN O, X [£Eand X [ y
are w(t)-consistent.

Apply Lemma 9.3 (Simple Generalized Extension) inside N to find g, < p, with top level
ysuchthatg, [ 6 = wandforallt € B, X | £ and X | y are g,(r)-consistent. Since
{pn(r) : © € B} is separated on X | £ and ¢, < pj, by Lemma 5.8 (Persistence for Sets),
{qn(t) : T € B} is separated on X | y. So we can apply Proposition 6.2 (Consistent Extensions
Into Dense Sets) to find g, < g, in N N D with some top level p < § and some w € N NPy such
thatg, | 0 = wandforallt € B, X [ y and X | p are g,(7)-consistent. Now apply Lemma 9.4
(Generalized Extension) inside N to find a family {g; : k < n} of conditions in N such that for
allk <n,qr <qr,qr | 0 = w,andforall t € B, X | y and X | p are g (t)-consistent. Since
D is open, each g isin D. So qg, ..., Jn and w are as required. O

Lemma 9.6 (Generalized Separated Conditions are Dense). Let 6 < k. Assume the following:

e {po,..., Pn—1} is a finite set of conditions in P all with top level y;
o vePyandforallk <n, pp [ 60 =v;



FORCING OVER A FREE SUSLIN TREE 29

e X is a finite subset of Ty 1 with unique drop-downs to y;
e B C (i<, dom(py) is finite and for all k < n, {px(v) : © € B} is separated on X | y.

Then there exist qq, . ..,qn—1 in P and w € Py, all with top level y + 1, such that w <g v and
forallk <n, g < pr, qx | @ = w, qi is separated, and for all t € B, X | y and X are
qr (t)-consistent.

Proof. Let Ip = dom(v) and A = B N 6. Foreach k < n, let J, = {k} x (dom(py) \ #) and
A =1k} x(B\0).Let I = IoU g, Ji. Forall r € g, let f; = v(r), and for all k < n and
T € dom(pg) \ 0, let fix o) = pr(7).

We would like to apply Lemma 8.3 to the above objects. The first five assumptions of this
lemma clearly hold. For the last assumption, we need to show that forallk < n, {f; :i € AUAL}
is separated on X [ y. Defineh : AU A — B by h(r) = t forall T € A, and h((k, 7)) = 7 for
all (k,t) € Ag. Then h is a bijection and f; = pp(h(i)) foralli € A. Since {pr(zr) : T € B}is
separated on X | y, by Lemma 2.8 sois {f; :i € AU Ay}

Applying Lemma 8.3 fix a family {g; : i € I} of automorphisms of T | (y + 2) satisfying:

(1) fi Cgiforalli €[;
(2) foralli € AUy, Ak, X | y and X are g;-consistent;
(3) forallk <n,{g; :i € Ip U Jy} is separated.

Define w with the same domain as v so that for all T € dom(v), w(r) = g;. For each
k < n, define g with the same domain as py so that g5 | 8 = w and for all t € dom(py) \ 6,
qk(t) = &(k,7)- Itis easy to check that each gy is a condition below pj with top level y + 1.

Let k < n. We claim that for all T € B, X [ y and X are gy (t)-consistent. If T € BN 6,
then g () = w(r) = gr and t € A, and by (2), X | y and X are g.-consistent. Suppose that
t € B\ 0. Then (k,7) € Ag and g () = g(k,r)- By (2), X | y and X are g )-consistent.

Finally, we claim that gj is separated. Solet Y C T, be finite, and we show that {g(7) :
7 € dom(qgy )} is separated on Y. Define a function 4 : dom(qr) — Io U Ji by letting h(t) = 7
if t < 6,and h(r) = (k,7)if T > 0. Then h is a bijection, for all T € dom(qx), gk (t) = gh(x)s
and by (3), {gi : i € Iop U Ji} is separated on Y. So by Lemma 2.8, {qr(7) : T € dom(qgy)} is
separated on Y. ([l

Lemma 9.7 (Generalized Augmentation). Let A be a large enough regular cardinal and assume
that N is a countable elementary substructure of H(A) which contains as elements T, k, Q, and
P. Let § = N N wy. Suppose the following:

{Po, ..., Pn—1} is a finite set of conditions in N N P with top level y;
v € Pgandforallk <n, pr | 0 = v;

B C (i<, dom(py) is finite;

z e Tsando € (i, dom(pk);

o X C Ty is finite and X U {z} has unique drop-downs to y;

o forallk <n, {pr(t) : v € B} is separatedon X | y;

Then there exist qg,...,qn—1 in N NP and w € N N Py, all with top level y + 1, and a finite
set Y C Ts suchthat X U{z} C Y and Y has unique drop-downs to y + 1, satisfying that for all
k <n:

(1) gk < pr and g | 0 = w;
(2) forallt € B, X [ y and X | (y + 1) are g (t)-consistent;
(3) {grx(tr) : T € BU{a}}is separatedonY | (y + 1);
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4) let h;{ o be the partial injective function from Y to Y defined by letting, for all x,y € Y,
h;;g ) =yiffgr(o)x [ (y + 1)) =y [ (y + 1), then z is in the domain and range of
+
h ko
Proof. Apply Lemma 9.6 (Generalized Separated Conditions are Dense) in N to find qo, . . ., gn—1

in NNPand w <g vin N N Py, all with top level y + 1, such that for all k < n, g < px,

r | 60 = w, gy is separated, and forall t € B, X [ yand X [ (y + 1) are g (t)-consistent.
Define

W=(({zl+DH) Ulg@)"CT+D):k<nme{-L1}})\ (X]({+1).
Note that by unique drop-downs of X U {z},ifz ¢ X thenz [ (y + 1) isnotin X [ (y + 1). So
if zisnotin X,thenz [ (y 4+ 1) isin W.

Let Y consist of the elements of X together with exactly one element of T above each member
of W, and such that if z ¢ X then the element of ¥ above z | (y + 1) is z. Note that Y has unique
drop-downstoy +landY [ (y +1) = (X | (y + 1)) U W. Now define h;{r’a forallk < n as
described in (4).

Conclusions (1), (2), and (3) are clear. (4): Let k < n. Note that gx(o)(z | (y + 1)) is
eitherin X [ (y + Dorin W. AsY [ (y+1) = (X | (y + 1)) U W, in either case we
can find ¢ € Y suchthatc [ (y + 1) = gx(o)(z [ (y + 1)). Then by the definition of hk o

q@)z [ (y+ 1) =c ] (y+1)implies that h,to(z) =c,50z € dom(h,to). The proof that z is
in the range of h,'{"o is similar. U

10. EXISTENCE OF NICE CONDITIONS

Our goal for this section is to prove the following theorem.

Theorem 10.1 (No New Cofinal Branches). Suppose that T is a free Suslin tree and CH holds.
Let 0 < k and suppose that U is a Pg-name for an w1 -tree. Then P forces that every branch of U
in V¥ isin VP,

We begin by proving that in Theorem 10.1, it suffices to prove the statement under the assump-
tion that x < w,. So assume that the result holds when ¥ < w,, and now let 6 < « be arbitrary.
Suppose that Uisa Pyp-name for an w;-tree and bisa P,-name for a branch of U . Without loss
of generality, we may assume that U is forced to be a subset of wy, and U and b are nice names.

Since P is w,-c.c. by Lemma 7.5, conditions have countable domain, and U is a nice name, we
can find a set X C 6 of size at most w; such that Uisa Py -name. Slmllarly, we can find a set
Y C « of size at most wq such that X € Y and bisa Py -name. Then U is a Py ~g-name.

Consider a generic filter G on Pand let H = G N Py. Let U = UH and b = h@. We show
that b € V[H]. By the choice of Y and the names, U € V[H N Pyng] and b € V[G N Py].
Let k¢ be the order type of ¥ and let 6y be the order type of ¥ N 6. By standard arguments,
there exists an isomorphism ¢ : Py — Py, such that ¢ [ Pyng is an isomorphism of Pyng
onto Pg,. Let G = ¢[GNPy]land H = ¢[H N Pyng]. Then G is a generic filter on Py,

= G N Py, is a generic filter on Py, U € V[H], and b € V[G]. Since Y has cardinality at
mosta)l, 6y < ko < wa. Sob € V[H]. But V[H] C V[H].

For the remainder of this section assume that 6 < x < w2, Uisa Py-name for an w; -tree, and b
is a P-name for a branch of U. We prove that [P forces that b is in VFo. Without loss of generality
assume that the underlying set of U is forced to equal w1, and in fact that for any y < w1, the
elements of Uy are ordinals in the interval [ - y, w - (y + 1)).
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Fix a large enough regular cardinal A and a well-ordering < of H(A). Define a set N to be
a suitable model if it is a countable elementary substructure of (H(A), €, <) which contains as
members the objects T, k, Q, P, 6, U, and b.

Definition 10.2 (Nice Conditions). Let N be a suitable model, § = N N w1, and o < §. Suppose
that p € N NP has top level o and A C dom(p) is finite. Leth bea tuple consisting of distinct
elements of Ty and assume that {p(t) : © € A} is separated on b. A condition v € Py is said to
be N -nice for p, I;, and A if the following statements hold:
(1) v < p |0, v has top level §, and v decides U [ 8.
(2) Forallg € N NP suchthatq < p andv < q | 0, there exists some r < g with top level
8 such thatr | 9 =, N Nk € dom(r), ris separated and r decides b N 6.

(3) Suppose that a® and a' are distinct tuples above b with height 6, and qo,q1 < p have
top level § and satisfy: qo | 0 = a [ 6 = v, NNk C dom(gg) N dom(ql) qo and

q1 are separated, qo and q1 decide bNs, andfor allt € Aand j < 2, b and @’ are
qj (t)-consistent. Then there exist q; and q7 satisfying the same properties listed above
for qo and qy, there exists r < p with top level §, and there exist disjoint tuples ¢° and é'
above b with height § satisfying: r [ 6 = v, N Nk C dom(r), r is separated, r decides
b N3, and forallt € Aand j <2, b and &/ are q; *(v)-consistent and r (t)-consistent.

Lemma 10.3. Let M and N be suitable models, N € M,§ = N Nw; = M Nw;, a < §,
p € N NP has top level a, and A C dom(p) is finite. Let b be a tuple consisting of distinct
elements of Ty and assume that {p(t) : T € A} is separated on b. If v is M -nice for p, 5 and A,
then v is N -nice for p, I; and A.

Proof. We verify that v satisfies properties (1)-(3) of Definition 10.2 (Nice Conditions) for N. (1)
is immediate and (2) follows easily from the fact that N € M. (3) is easy to check once we show
that N Nk = M N k, which is where we use the assumption that x < w;. Let g : w1 — « be
the <J-minimum function in A (A) which is a surjection of w; onto k. Asx € N N M, it follows
that g € N N M by elementarity. Also, by elementarity, N Nx = g[N Nw1] = g[M Nw1] =
M Nk. ]

We need the following technical lemma in order to prove the existence of nice conditions.

Lemma 10.4. Assume the following:

1) o<p<wr;
(2) p € P has top level a, v € Pg has top level p, and v <¢ p | 0;
(3) A C dom(p) is finite, B C « is finite, A C B, and B N 6 C dom(v);
4) b= (bo, ...,by—1) consists of distinct elements of Ty,
(5) {p(r) : T € A} is separated on I;
(6) Y is a finite subset of Tp41 with unique drop-downs to p;
@) d® and d' are tuples above b with height p 4 1;
(8) forallt € ANG, b and d° [ p are v(t)-consistent and bandd! [ p are v(t)-consistent;
9) {v(r):t € BNO}isseparatedon Y | p;

(10) letting DO be the set of elements of d® and D' the set of elements of d 1 we have that

Ot (@4 1), D' [ (@+ 1), and Y | (a + 1) are pairwise disjoint;
(11) forallt €e BN6Oandm € {—1,1}:
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- forallx €Y | p,v(t)™(x) ¢ (D°UDY) | p
- forallx € D° | p, v(r)™(x) ¢ D! | p
- forallx € D' | p, v(r)™(x) ¢ D° | p

Then there exist g € P and w € Py, both with top level p + 1, satisfying:

Dg=pw=evq [Q—w and B € dom(q);

(D) forall T € A, b and d° are q(t)-consistent and band d! are q(t)-consistent;
() forallt € BNO, (Y UD°UDY) [ pandY U D° U D' are w(t)-consistent;
(IV) {q(t) : T € B} is separated on Y U D° U D1,

Proof. Let us define a condition p < p with top level « such that dom(p) = dom(p) U B. Let
p | dom(p) = p. Forall T € B\ dom(p), define p(t) = v(r) [ (¢ + 1) if T < 6, and let p(7)
be the identity functionon 7' | (o + 1) if T > 6. Note thatv <g p [ 6.

Define D = D% [ (w 4+ 1), D' = D' [ (w+1),andY =Y | (@ + 1). Applying Lemma
8.2, fix a family {g; : T € dom(p) \ 6} of automorphisms of 7' [ (o + 2) satisfying:

(a) forall t € dom(p) \ 0, p(r) C g+;

(b) forall t € A\ 0, band d° | (a + 1) are g;-consistent and b and d! | (a + 1) are
g-consistent;

(c) forall x € D% if t € A\ 6, then g¢(x) and g7 1(x) are not in YUD! andift €
(B\ 0)\ 4, then g(x) and g, (x) are not in D°uDluY;

(d) forall x € D':if t € A\ 6, then g,(x) and g; ' (x) are not in ¥ U D°, and if 7 €
(B\0)\ A, then gz(x) and g '(x) arenotin DU D' U Y; . )

(e) forallx € Y and 7 € B\ 6, g¢(x) and g7 1(x) are not in DuDluY.

Define s with domain equal to dom(p) \ 6 so that for all T € dom(s), s(t) = g;. Clearly, s is a
condition with top level @ + 1 and s < p [ [0, k).

By (9), we can fix an injective tuple y which enumerates Y such that {v(t) : T € B N6} is
separated on y [ p. Let X be the tuple of height p + 1 which consists of the concentation of the
tuples ¥, JO, and c_il, in that order. So X enumerates Y U D® U D1,

We claim that {s(z) : © € B\ 0} is separated on X | (@ + 1). Since d° | (¢ 4+ 1) and
il [ (@ 4+ 1) are above I;, s < p | [0,k),and {p(r) : T € A} is separated on I;, it follows
by Lemma 5.7 (Persistence) that {s(t) : = € A\ 0} is separated on both d° [ (@« + 1) and

I (o + 1). By properties (c), (d), and (e) above, if a relation of the form s(7)"(x) = y holds,
Wherer € B\O,m e {—1,1},andx,y € DO°UD'UY, then it must be the case that € A\ § and
either x, y € D% or x, y € D'. Based on this information, it easily follows that {s(t) : T € B\ 6}
is separated on X | (o + 1).

Apply Proposition 5.10 (Extension) to find a condition z < s with top level p 4 1 with the same
domain as s such that forall t € B\ 6, X | (@ + 1) and X are z(7)-consistent. By Lemma 5.7
(Persistence), {z(t) : T € B\ 0} is separated on X.

Now apply Lemma 8.1 to find a family {k, : 7 € dom(v)} of automorphisms of 7" | (p + 2)
satisfying:

(f) for all T € dom(v), v(t) C hy;
(g) forallt € BNA,Y | pand Y are h,-consistent;

(h) forallt e ANG, d° [ pand d° are h-consistent and dl [ pand dl are h-consistent;
(i) forallt €e (BNO)\ A,m e {—1,1},andx € DU D, h™(x) ¢ Y UD°U D
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Define w with the same domain as v so that for all t € dom(v), w(t) = h;. Clearly, w € Py,
w <g v, and w has top level p + 1. Since {v(t) : T € B N 6} is separated on y | p, by Lemma
5.7 (Persistence), {w(t) : T € B N 6} is separated on y.

Finally, let ¢ = w U z. Then {g(t) : T € B N A} is separated on y and {g(t) : T € B \ 0} is
separated on X.

Let us prove conclusions (I)-(IV). (I) is clear. (I) Let t € A. If t € A N 6, then (I) holds by
(8) and (h). If T € A \ 8, then (II) holds by (b) and the choice of z.

(IIT) Statement (g) implies that forallt € BN 6O, Y | pand Y are w(r)-consistent. Statement
(1) implies that for all r € (B N 0) \ A4, 1fx y e (YuUD°UDY) | pand w(r)(x) = y, then
x,y € Y. By, forallt € AN4, b and d° are w(t)-consistent and b and d are w(7)-
consistent. This implies that forall t € AN 6, D | p and D are w(r)-consistent and D! | p
and D! are w(7)-consistent. By (11),ift € AN, x,y € (Y UD°UD?) | p,and w(r)(x) = y,
then either x,y € ¥ | p, x,y € DY | p,orx,y € D! | p. Altogether this information easily
implies (III).

(IV) We claim that {g(t) : T € B} is separated on X. First, let us show that for all T € B, ¢(7)
has no fixed points in X. Since {¢(t) : T € B\ 0} is separated on X, forall T € B \ 6, ¢(t) has
no fixed points in X. So it suffices to consider r € B N 6. As {g(z) : T € B N 6} is separated on
y, for all T € B N 6, q(t) has no fixed points in . Because {p(r) T € A}is separated on b,
by Lemma 5.7 (Persistence), {g(t) : 7 € A} is separated on d° and separated on dl. Hence, for
all T € AN 6, g(r) has no fixed pomts ind®orind!. Finally, consider € (B \ A) N 6 and we

show that ¢(7) has no fixed points in d% or d'. But this follows from ).

Consider a relation of the form g (7)"(x) = y,wheret € B,m € {—1,1},x,y € YUuDOUD!,
and y appears earlier in the ordering of X than x. First, assume that T < 6. By (11), the only
possibilities are that x,y € Y, x,y € D% orx,y € D!. By (i),if t ¢ Athenx,y € Y.
Secondly, assume that t > 6. By (c), (d), and (e), T € A and either x,y € DY or x, y € D!. So
altogether, if one of x or y isin Y, then t < 6 and x and y are bothin Y. Since {¢(t) : T € BN#}
is separated on y, there is at most one such relation which holds in this case. Now suppose that it
is not the case that one of x or y isin Y. Then v € A, and either x,y € D% or x,y € D'. But

since {g(t) : T € A} is separated on d° and separated on d!, there is at most one such relation
which holds in this case as well. g

Proposition 10.5 (Existence of Nice Conditions). Suppose that T is a free Suslin tree. Let N be
a suitable model and let § = N N wy. Suppose that p € N NP has top level o < § and p forces

in P that b is a cofinal branch of U which is not in V¥9. Assume that A C dom(p) is finite, b
consists of distinct elements of Ty, and {p(t) : T € A} is separated on b. Then for any q < p in
N N P, there exists some v € Pg which is N -nice for p, b, and A such that v <g q | 6.

Proof. Let g < p in N N P. We prove that there exists some v € Py which is N -nice for p, I;
and A such that v <y g [ 8. Without loss of generality, assume that the top level of ¢ is greater
than «.

To help with the construction of v, we fix the following objects:

an enumeration ((@™°,a™"') : n < w) of all distinct pairs of tuples above b with height §;
a non-decreasing sequence (Y : n < w) of ordinals cofinal in § with yo = y1 = «;

an enumeration (z, : n < w) of Ty;

an enumeration (s, : n < w) of N N P;
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- asurjection g : w — 4 X w X (N N k) such that every element of the codomain has an
infinite preimage;
- an enumeration (D, : n < w) of all of the dense open subsets of P which lie in V.

As in previous proofs, our construction of the nice condition v takes place over w-many stages,
with the function g being used for bookkeeping. In order to satisfy properties (2) and (3) of Defini-
tion 10.2 (Nice Conditions), the construction involves building not only v, but also infinitely many
total master conditions r with r [ & = v. At any given stage n, we define an approximation v, of
v together with finitely many approximations of the total master conditions. The first coordinate
ng of the value g(n) splits the construction into four cases. When ng = 0, we handle a case of
Definition 10.2(2), and when n¢ = 3, we handle a case of Definition 10.2(3). When ng is 1 or 2,
we take the usual steps for building total master conditions, namely, meeting dense sets in the first
case and applying augmentation in the second case.

More specifically, we define by induction the following objects in w-many steps:

e a subset-increasing sequence (X, : n < w) of finite subsets of Ty with union equal to Ty;

e a subset-increasing sequence (A4, : n < w) of finite subsets of N N x with union equal to
N Nk;

e a non-decreasing sequence (8, : n < w) of ordinals cofinal in §, where each X, has
unique drop-downs to §;,;

e a decreasing sequence (v, : n < w) of conditions in N N Py;

e asequence {/,, : m < w) of natural numbers;

o a family {rﬁ"’l m<w, l <l,, m<n < w}of conditions in N N P below p such that
foreachm < w and ! < Iy, (r,',”’l :m < n < w) is a descending sequence;

e for each m < w such that [,, = 3, a pair ™° and ™! of tuples above b with height §
such that ™% | (¢ + 1) and é™! | (a + 1) are disjoint, and the elements of ¢”° and
gm,l are in Xm+1;

e forallm < w,! < Iy, n > m, and T € Ay, an injective partial function hnmrl from X, to
Xn.

At stage n, we define Xy, A,, 8y, vn, and when n > 0, [, r,T’l and hZZI for all m < n,
| <l,and T € Ay, and when l,—; = 3, ¢~ 10 and ¢#~ 11,

In addition to the properties listed above, we maintain the following inductive hypotheses for
allm <n <wand! < ly:

(1) r,',"’l and v, have top level §,, and r,T’l [0 = vy;
(2) forallt € Ay, Xy | 8, and X, | 6,41 are r;’:’rll (t)-consistent;

3) 4, C dom(r,'f"l) and {r,',"’l (t) : T € Ay} is separated on X, [ 6y

(4) suppose that g(n) = (ng,n1,0), where ng = 0, s,, has top level less than 6, s,, < p,

and v, <g sy, | 0;thenl, = 1 and r,',’fl < Snys

(5) if g(n) = (ng,n1,0), where ng = 1, then r;"_;ll € (\k<n Dr and o € dom(r,'ln_;ll);

(6) assuming that g(n) = (ng,n1,0), where ng = 2, and o € ﬂ{dorn(r,’,"’l) tm<n,l<
I}, then o € Apyq and for all m < n and [ < I, zp, is in the domain and range of

hm,l .
n+1,0°
(7) forallt € A, and x,y € X,

hl(x)y =y < ™ @) [6) =y | bn.
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Stage 0: Let X9 = @ and Ay = A. Let §¢ be the top level of ¢ and let vg = ¢ [ 6. Note that by
our assumption about ¢, §¢ > «.

Stage 1: Letlg = 1. Let X1 = Xo = 0, A1 = Ao, §1 = o, r?’o =gqg,andvy =¢q [ 60 = vy.
Define h(l):g =@forallt € A;.

Stage n + 1 (n > 0): Assume that stage n is complete, where n < w is positive. In particular,
we have defined the following objects which we assume satisfy all of the required properties: X,

An, 6, Un, Ly for all m < n, and r,',"’l and h,,m,l forallm < n,l < Iy, and T € A,. Let
g(n) = (no,n1,0).

Case a: ng = 0. Consider s, whichisin N NP, and let y be the top level of 5,,,. We only take
action in the case that y < §,, sp, < p,and v, < s,, [ 6. If not, thenlet/, = 0, X,,4+1 = Xy,

Apnt1 = Ap, Sp1 = 8py Vpp1 = Vs, r,’l"J;ll = 1™ and hnmjrll . = hnmrl forallm < n,l < I,
and v € A4,.
Otherwise, let [, = 1. Without loss of generality, we may assume that 4, < dom(sy,),

for otherwise we can easily extend s,, to have this property without increasing its top level or
changing the fact that v <g s,, [ 6. Apply Lemma 9.3 (Simple Generalized Extension) to find
some s < s,, in N with top level §, such thats [ 6 = v,. Applying Lemma 5.15 (Separated
Conditions Are Dense) and using the fact that {v,(t) : © € A, N 0} is separated on X, | &y

(by inductive hypothesis (3) and Lemma 2.9), find a separated condition ”Zf1 < s with top level

8y + 1 such that forallt € A, N6, X, | §, and X, | (6, + 1) are r,':fl (t)-consistent. Let

Uptp1 = rgfl [ 6. Then in particular, forall t € 4, N6, X,, | 8, and X,, | (8, + 1) are
Un+1(7)-consistent. Now apply Lemma 9.4 (Generalized Extension) to find for each m < n and
m,l

I < I, a condition r,Tjrll < ™! Wwith top level 8, + 1 such that raty 10 = vuqq and for all

T € Ay, Xy [Spand Xy, | (8, + 1) are r;"_;ll (t)-consistent.

Define X,+1 = Xy, Ap+1 = An, and 8,41 = 6, + 1. Define hnm_;_ll,r forallm < n,l < [y,
and t € A,41 as described in inductive hypothesis (7). It is routine to check that the inductive
hypotheses hold.

Caseb:ng = 1. Letl, =0, Xp+1 = Xy, and A,4+1 = A,. Let D be the set of conditions r in
(i <n Dk satisfying that o € dom(r) and the top level of r is at least y, 1. Then D is dense open
in P, and D € N by elementarity. Apply Lemma 9.5 (Generalized Consistent Extensions Into
Dense Sets) to find an ordinal §,41 < &, a condition v,4+1 <g v, in N, and for each m < n and

| < [, a condition r,'l"_;ll < r,',"’l in N N D with top level 8,41 satisfying that r,;"_f_ll [0 = vp41,

and forall t € A,, X, | 6, and X}, | 8,41 are r,T_,’_ll (t)-consistent. Define hZﬁ_llJ forall T € A4,
as described in inductive hypothesis (7). It is routine to check that the inductive hypotheses hold.
Casec:ng =2.Ifo ¢ ﬂ{dom(r,r,"’l) cm<n,l <ly}, thenlet Xp+1 = Xy, An+1 = An,
8n+1 = 8ps Vnt1 = Vp, Ip = 0, and r,'l"’l1 = ™! and h:?—;—ll,t = hTtl forallm <n,l < I,,, and
T € Ay.
Otherwise, fix y < ¢ large enough so that X, U {z,, } has unique drop-downs to y. Apply
Lemma 9.4 (Generalized Extension) to find some v, € N N Py with top level y, and for each

m < nand! < [, find a condition f,T’l < r,Z”’l in N NP with top level y such that f,’f’l [0 = v,

and forall t € A,, X, [ 6, and X, [ y are f,',"’l(r)—consistent. By Lemma 5.8 (Persistence for

Sets), forallm < n and [ < I, {f,',"’l(f) 1T € Ay} is separated on X | y.
Now apply Lemma 9.7 (Generalized Augmentation) to find for each m < n and ! < [, a
condition r™! in N N P with top level y + 1, a condition v, € N N Py with top level y + 1,
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and a finite set X, 1 € T such that X, U {z,,} € X, +1 and X, has unique drop-downs to
y + 1, satisfying that for all m < n and [ < [,;:

i

° rm’l < F,’,"’l and ”;Tfrl [0 = V415

n+1
o forallt e Ay, Xy [yand X, [ (v + 1) are r:ln_(rll (t)-consistent;

. {r,':’_f_ll (r) it € Ay, U{o}}is separated on Xp1 [ (y + 1);
o let h; ;.o be the partial injective function from X, 11 to Xp41 defined by letting, for all

X,V € Xpt1, h;,l,a(x) = yiff r;"_;ll(a)(x ['(y + 1)) =y [ (y + 1); then z,, isin the
domain and range of h; Lo

Define X,+1 = X U {zn,}, Any1 = A, U {0}, 6p+1 = y + 1, and [, = 0. For all
m<n,l <l,,and t € A,41, define hnm_]_ll,r as described in inductive hypothesis (7). Note

that h':;_ll’ o = h;’ Lo and therefore z,, is in the domain and range of hnmj’fl, o+ The inductive
hypotheses are straightforward to check.

Case d: ng = 3. Let us consider ¢"!-? and a"!-!. For simplicity in notation, write a° for a"!-
and a! for a™1>!. We only take action when the elements of the tuples @° and a! are in X, and for
allte AN and j <2, banda’ | §, are v, (t)-consistent. If not, then let [, = 0, X, 11 = Xp,

’l 51 al ,l
An+1 = An, 8n+1 = 8,1, Un+1 = VUp, rrlzn+1 = I’,’ln and hnm+1,r = hnm,t for all m < I’l,l < lm,
and t € A,. Otherwise, proceed as follows.

ni,l 0

Applying Lemma 9.6 (Generalized Separated Conditions are Dense) in N, find a family {7, o
m < n, | < [y} of conditions with top level 6, + 1 and a condition v, <g vy such that for all
m<nand! < [, f,',"’l < r,Z"’l, f,T’l [0 = vy, f,g”’l is separated, and for all T € A,, X, | Oy

and X, [ (8, + 1) is f,',"’l (t)-consistent.

Fix an injective tuple Z = (zo,...,Z;_;) which enumerates X,. Since the elements of a°
and @' are in X, we can fix distinct jo, ..., jg—; and distinct ko, ..., kz_; in 72 such that g° =
(Zjgs -+ Zjg_y) and @' = (zgys .- 2k, ). Let Xm = zm | (8n + 1) for all m < 7, and let
X =(x0,...,X3_1)

Define X' as the set of all tuples y = (yo,...,y;_1) in the derived tree T; for which there
exist conditions #°,¢1 < p with top level £ equal to the height of y and there exists w € Py
satisfying:

0710 =t'10=w<g n;

forall T € A, N6, X and y are w(t)-consistent;

for j <2, A, € dom(t7);

for j < 2, for any finite Y C T with unique drop-downs to &y, {t/(t) : T € Ay} is
separated on Y';

e forallt € A4, b and (Vjos -+ -+ Vjy_,) are t9(t)-consistent, and b and Vkos -+ Vky_,) are
t1(7)-consistent;

Now let X be the set of all y in Ty such that either y € X™*, orelse for all Z > y, Z ¢
X*. Obviously, X is dense in T;. Using Lemma 9.4 (Generalized Extension) and Lemma 5.8
(Persistence for Sets) it is easy to show that X'* is open. Also, X € N by elementarity. Since T is
a free Suslin tree, 7% is Suslin. So we can fix some § < § greater than y such that every member
of T} of height at least & is in X
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We consider two cases. First, assume that Z | £ ¢ X*. Since Z | § € X, it follows that Z is not
in X* either In this case, let [, = 0, Xp+1 = Xn, An+1 = An, Op+1 = 0 + 1, Vpg1 = Up,

r,T+11 =7 ! and h;"_:l . h?rl forallm <n,l <l,,and t € A,.

Secondly, assume that Z | £ € X*. Fix %, ¢!, and w in N satisfying the five statements listed
in the definition of X*. Let [, = 3. Apply Lemma 5.17 (Generalized Key Property) to find tuples
¢% and ¢! above b with height £ satisfying:

forallt € Aand j < 2, b and &/ are t/ (t)-consistent;

O 1 (@4 1),¢' [ (@ +1),and X,, | (o + 1) are pairwise disjoint;
forallx € X, [ £, 7€ A, N O, andm € {—1, 1}, w(r)™(x) is not in ¢° orin ¢l;
forallt € A, N O, m e {—1,1},and j < 2,if x isin &/ then w(z)™(x) is notin ¢! =/.

Pick arbitrary tuples d® and d above ° and ¢! respectively of height £ + 1. Let D be the set
of elements in d° and let D! the set of elements in 4. Apply Lemma 10.4 in N to find conditions
r;:fl € NNPandv,4+1 € N NPy, both with top level £ + 1, satisfying:

n,2
° rn—|—1 p’ Un+1 <9 w, rn—|—1 r 9 - vn+1, and A}’l g dom(r )

forall T € A, b and d° are r:;l (t)-consistent and band d are rn i (r) consistent;
forallt € 4, NG, (X, UMD [E UMD [E)and (X, [ (E+ 1) UDU D! are
vn+1 (7)-consistent;

{rn_H(r) 17 € Ap)is separated on (X, [ (§+ 1)) u DU DL

Apply Lemma 9.4 (Generahzed Extension) to find rn +1 <t%andr” +1 < t! with top level £+1
such that for each j < 2, rn+1 1§ =v,4q1andforall T € A, (X, [ E)UDO [ E)U(D! | S) and
(Xn (E+1)uDUD!are r 1(1’) -consistent. It follows that for j < 2, forall 7 € A, b and
d’ are rnH(r) -consistent. For each j < 2, since §, > «, the set (X, [ £) U (D [ &)U (D! | §)
has unique drop-downs to 8, so {t7(t) : T € A} is separated on it; by Lemma 5.8 (Persistence
for Sets), {r::jr]l(r) T € Ap}is separated on (X, | (E+ 1)U DU D!,

Apply Lemma 9.4 (Generalized Extension) to find a family {r;" J’rll cm < n, l < Iy} of

conditions with top level £ 41 such that forallm < nand [ < lm, ,:"4’_[1 < ml r,’l"Jrl1 [0 =vp41,

and for all T € Ay, X,, (6n+1)and X,, | (6§ + 1) are rn+1(r) -consistent. Since each rml
is separated and (X,, | (£ + 1)) U D® U D! has unique drop-downs to 8, + 1, by Lemma 5.8
(Persistence for Sets), {rn_H(r) T € Ay} is separated on (X, [ (£ +1)) U DU D1,

Define A, 11 = A, and 8,41 = £ + 1. Fix arbitrary tuples ¢™° and ¢! above d% and d!
respectively with height §. Define X, by adding to X,, the elements of &”° and &"!. Finally,
define hZ’_;_llJ foreachm < n,l < Iy, and © € A, as described in inductive hypothesis (7). It
is straightforward to check that the required properties are satisfied.

To make the verification of (3) below easier to check, let us highlight the following facts which
we have proven:

e forall T € A, b and d° are rn +1 (‘E) consistent and r Jrl(r) -consistent;

e forall T € A, b and d! are r" (r) consistent and 7, Jrl(t)—consmtent,

n+1
70 _ 20 71
e d’ <e ,d < ¢&!, and the elements of ¢° and ¢! are in Xn+1-
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This completes the construction. For all m < w and [ < [,,, define rm! e P with domain
N Nk sothatforallt € N Nk,

rml(r) = U{I’,T’l(f) m<n<w, 1€ Ay} U U{h?tl m<n<w, T € An}.

Also, define v = r™! | 6 for some (any) any m < w and [ < I,,,. By Lemma 7.1 (Constructing
Total Master Conditions), each r™ /I is a total master condition over N which is a lower bound of
the sequence (r,T’l :m < n < w),and foralln < w and for all t € A,, X, | §, and X, are
r™! (1)-consistent. By Lemma 7.4, each r™! is separated.

This completes the construction. Note that by what we did at stage 0, v < ¢ | 6. So it remains
to prove that v is N-nice for p, I;, and A. We verify property (1)-(3) of Definition 10.2 (Nice
Conditions).

(1) Clearly, v < p | 6 and v has top level 8. Since, for example, r*-” is a total master condition
for P over N, by a standard argument it follows that v = r%° | @ is a total master condition for
Pg over N. So v decides U | 6.

(2) Let s € N N P have top level y such that s < p and v <y s | 6. It suffices to show that for
some 7, r™9 < 5. Fix ny such that s = snl. Pick n’ large enough so that dom(s) N 6 < dom(v,)
and 8§, > y. Note that for any n > n’, v, <g s | 6. Now find n > n’ such that for some
oceNNk,gh) = (0 ni, 0) By inductive hypothesis (4) 0 <.

(3) Suppose that @° and a! are distinct tuples above b with height 6, and go,q1 < p have top
level § and satisfy: go [0 =¢1 [0 = v, NNk C dom(qo) N dom(q1), qo and g are separated,

0,0

qo and g decide hN§,and forall T € A and Jj <2, b and G/ are q;j (7)-consistent. In particular,
forallt € ANfand j < 2, bandd’ are v(t)-consistent. Fix n’ large enough so that the elements

of @ and a! are in X,,. Fix n so that (@""°,a""1) = (@°,a'). Find n > n’ such that for some
o€ NNk,gm) = (3,ny,0). Observe that forall t € A N 6 and j < 2, the fact that b and G’
are v(t)-consistent implies that b and G/ | 8, are vy, (t)-consistent.

So the requirements described in the first paragraph of Case d are met. Letting Z be the enumer-
ation of X,, given in Case d, clearly Z € X' as witnessed by ¢o, ¢1, and v. Using the information
which we highlighted at the end of Case d and the fact that for all j < 3 and for all T € A, 41,
Xnt1 | 8pa1 and X, are r™7 (7)-consistent, it is routine to check that -0, p1, pn:2 gm0
and e"! satisfy the properties described of q(’)k s q’l" ,r,e% and e! in (3) in Definition 10.2 (Nice
Conditions). ]

11. THE AUTOMORPHISM FORCING ADDS NO NEW COFINAL BRANCHES

In this section, we complete the proof of Theorem 10.1 (No New Cofinal Branches).

Proposition 11.1. Suppose that p € P has top level B and p forces that bisa cofinal branch
of U which is not in V¥¢. Assume that A C dom(p) is finite, X = (Xo....,Xn—1) consists of
distinct elements of Tg, and {p(t) : © € A} is separated on X. Define X as the set of all tuples
Y = (Yo, .., Yn—1) in the derived tree T for which there exist qo,q1 < p with top level equal to
the height y of y such that:

(1) go0=q1]6;

(2) forallt € Aand j <2, X and y are q;(t)-consistent;

(3) there exists some ¢ < y such that go IFp ¢ € b and q1lFp ¢ ¢ b.

Then X is dense open in Tx.
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Proof. To prove that X is open, assume that y € X has height y and Z > y has height &. Fix
qo,q1 € P with top level y which witness that y € X', andletv = ¢go | 06 = ¢; | 6. By Lemma
9.4 (Generalized Extension), extend go and ¢; to r¢ and rq respectively with top level £ such that
ro 6 =ry [Oandforallt € Aand j <2,y and Z are r; (v)-consistent. Then ro and r; witness
that Z € X.
Now we prove that X" is dense. Suppose for a contradiction that y € Ty and for all Z > y,
Z ¢ X. Let « be the height of y. Apply Proposition 5.10 (Extension) to find some p < p with top
level « such that for all T € A, X and y are p(t)-consistent. Since {p(7) : T € A} is separated on
X,{p(r) : T € A} is separated on y.
Let C be the collection of all suitable models. Fix a €-increasing and continuous chain (N; :
i < wy) of suitable models which are elementary substructures of (H(A), €, <,C) such that p is
in No. Let 6, = N, Nw; for all y < wq. Observe that for all y; < y» < w1, the property of a
condition being Ny, -nice for p, y, and 4 is definable in Ny,.
We define a function F' which takes as inputs any pair (v, r) satisfying that for some y < wy:
(1) v is Ny-nice for p, y, and A;
(2) r < p,rhastoplevel 6,,r | 8 = v, N, Nk C dom(r), r is separated, and r decides
bnNé,.

Let F(v, r) be the unique set b, such that r IFp bn 8y = by.

Claim 1: For any y < w; and any v which is N, -nice for p, y, and A, there exists some r such
that (v, r) € dom(F).
Proof: This follows from (2) of Definition 10.2 (Nice Conditions).

Claim 2: For any y < ; and any v which is N, -nice for p, y, and A4, if (v, qo) and (v,q1)
are both in the domain of F, then F (v, qo) = F(v,q1).

Proof: Using Lemma 5.11 (Key Property) twice, fix disjoint tuples @® and a@! above y with
height §, such that forall T € 4 and j < 2, y and @/ are g; (t)-consistent.

Note that gg, 1, a°, and a! satisfy the properties listed in (3) of Definition 10.2 (Nice Condi-
tions). Since v is Ny -nice, there exist g; and ¢ satisfying the same properties of go and g; which
are listed in (3) of Definition 10.2 (Nice Conditions), there exists r < p with top level §,, and there
exist disjoint tuples €% and &1 above ¥ with height §, satisfying: r | 6 = v, N, Nk € dom(r),
r is separated, r decides b N 8y,andforallt € Aand j <2,y and ¢/ are qj’." (t)-consistent and
r(t)-consistent.

Observe that (v, ¢qg), (v.q7), and (v,r) are in the domain of F. Recall that for all Z > y,
Z ¢ X. In particular, €%, ¢!, %, and a! are notin X. If F(v,qy) # F(v,r), then ¢; and r would
witness that €° € X. Hence, F(v,q3) = F(v,r). If F(v,r) # F(v,q}), then &' would be in X.
So F(v,r) = F(v,qy). Similarly, the fact that a® and @' are not in X implies that F (v, o) =
F(v.g3) and F(v.q1) = F(v.4}). So F(v.q0) = F(v.q3) = F(v.r) = F(v.q}) = F(v.q1).
This completes the proof of Claim 2.

Define F(v) to be equal to F (v, r) for any r such that (v, r) is in the domain of F'. By Claim 1,
F(v) is defined for any v which is Ny -nice for p, y, and A4 for some y < w;. By Claim 2, F(v)
is well-defined.

Claim 3: Suppose that y; < y2, 1 € Ny, is Ny, -nice for p, y and A, v is Ny,-nice for p, ¥,
and A4, and v <g vy. Then F(v1) = F(v2) N §y,.
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Proof: By (2) of Definition 10.2 (Nice Conditions) and elementarity, fix some r1 < p in N,
with top level §,, such that ry [ 0 = vy, N, Nk € dom(ry), 1 is separated, and rq decides
hn 8y, as some set by. Then F(vy) = by. Since v2 <y vi = r1 | 6 and v, is Ny,-nice for p,
¥, and A, by (2) of Definition 10.2 (Nice Conditions) we can find some r, < r; with top level 8,
such that o | 0 = v, Ny, Nk € dom(r2), ry is separated, and r, decides b N Jdy, as some set
by. Then F(v2) = by. Since ro < r1, by = by N 6y, , which completes the proof of Claim 3.

Claim 4: If y < £ < w1, vis Ny-nice for p, y,and A, w is Neg-nice for p, y,and A, and v and
w are compatible in Py, then F(v) = F(w) N §y. In particular, if y = £ then F(v) = F(w).

Proof: 1f not, then since N¢ € Ng, by elementarity we can find counter-examples v and w
in Ngyq. Now find z <g v, w in Ngy . Apply Lemma 9.3 (Simple Generalized Extension) to
find ¢ < pin Ngyq suchthatq | 6 = z. By Proposition 10.5 (Existence of Nice Conditions), fix
v2 <g¢ q | 0 = z such that v is Ng-nice for p, y, and A. Then by Claim 3, F(v) = F(v2)N§,
and F(w) = F(v2) N8, s0 F(v) = (F(v2) Ndg) Ny, = F(w) N 6y, which is a contradiction.
This completes the proof of Claim 4.

For each y < w1, let ¢, be a Pg-name for the unique set which is equal to F(v), where v € Gg
is Ny -nice for p, y, and A, and is equal to the emptyset if there is no such v. Note that by Claim
4, ¢y is well-defined. By elementarity, we can choose the name ¢, to be in Ny, 1. Now let ¢ be a
[Pg-name for the union | J{¢, : y < w1}. Note that the names ¢, and the name ¢ are also P-names
since PPy is a regular suborder of PP.

Claim 5: p forces in P that ¢ is a chain in U. '
Proof: Clearly, for all y < w1, p forces that ¢ is a chain in U. So it suffices to show that
p forces that for all y < & such that ¢, and ¢¢ are non-empty, ¢, = ¢¢ N §y. Solet G be a

generic filter on [P which contains p and let Gg = G N Py. Let ¢, = c"yG “and ¢ = ¢ gG ?, and

assume that ¢, and cg are non-empty. Fix v € Gg which is Ny -nice for p, y, and A, and fix
w € Gg which is Ng-nice for p, y, and A, which exist because ¢, and cg are non-empty. Then
¢y = F(v) and ¢g = F(w). Since v and w are in Gy, they are compatible in Py, so by Claim 4,
¢y = F(v) = F(w) N§, = cg. This completes the proof of Claim 5.

Claim 6: p forces in PP that ¢ is equal to b, and hence that b € VF%. Since p < p, this claim
contradicts our initial assumptions.

Proof: Since p forces that ¢ is a chain in U and b is an uncountable branch of U, it suffices to
show that p forces that b C ¢.

Suppose for a contradiction that there exists some ¢ < p and some { < wj such thatq IFp { €
b \ ¢. Fix a e-increasing and continuous sequence (M, : y < w;) of suitable models such that
M, contains as members the objects p, ¢, &, (N; :i < w1),and (¢; : i < w1). Let D C wq bea
club such that forally € D, N, Nw1 = M, N wy.

Fix y € D. Apply Proposition 10.5 (Existence of Nice Conditions) to find some v which is
M, -nice for p, y, and A such that v <g g | 6. By (2) of Definition 10.2 (Nice Conditions), fix
r < q with top level §, such thatr | & = v, N Nk C dom(r), r is separated, and r decides hn 8y
as some set b,. By Lemma 10.3, v is also Ny -nice. Hence, F(v) = b,. Since g IFp { € b,r < q,
and ¢ < &, r forces that { € bnN 8y = by. Hence, { € F(v). Now r forces that v € Gg, sor
forces that ¢, = F(v), and hence r forces that { € ¢,,. But p forces that ¢, is a subset of ¢. So
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r <gqgandr lFp ¢ € ¢, which is a contradiction. This completes the proof of Claim 6, and with it
the proof of the proposition. O

Lemma 11.2. Suppose that T is a free Suslin tree. Let N be a suitable model and let § = N Nw;y.
Suppose that pg, ..., pj—1 arein N NP and v € N N Py, all of which have top level B. Assume
that for allk < I, py | 0 = v and py, forces that bisa cofinal branch of U which is not in Ve,
Let X C Ty be finite with unique drop-downs to B, A C (" .; dom(py) is finite, and suppose that
forallk <1, {pr(t) : t € A} is separated on X | B.
Then there exist y < 8§, w € N NPy, and for all k < | conditions q ¢, qx,1 in N NP, all with

top level y, satisfying:

(1) foreach j <2, qx j < pxandqy ; | 0 = w;

(2) foreach j <2andt € A, X | Band X |y are qy j(t)-consistent;

(3) there exists some { <y such that gy o IFp ¢ € b and ka1 lFp ¢ & b.

Proof. The proof is by induction on /. Let N and § be as above and let X C Ty be ﬁnite.

Base case: Suppose that p € N NP and v € N N Py have top level 8, p = v, and p
forces that b is a cofinal branch of U which is not in V9. Assume that X has unlque drop-downs
to B, A € dom(p) is finite, and {p(zr) : © € A} is separated on X [ B. Fix an injective tuple
d = (ao,...,an—1) which enumerates X so that {p(r) : T € A} is separated on @ | fB. Let
X=alp.

Define X as the set of all tuples b= (bo. . ...by—1) in the derived tree T3 for which there exist
qo,q1 < p with top level equal to the height p of b such that:

®qol0=q1!0; 3
e forall 7 € Aand j <2, X and b are ¢; (v)-consistent;
e there exists some { < p suchthatgg lFp { € band gy IFp ¢ ¢ b.

By Proposition 11.1, X is dense open in T3, and X € N by elementarity. Since T is a free Suslin
tree, Ty is Suslin. So by elementarity we can find some y < § greater than 8 such that every
member of Ty with height at least y is in X. In particular, @ | y € X. Fix qo,q1 < p which
witness thata | y € X. Then y, qo | 0, qo, and ¢ satisfy conclusions (1)-(3).

Inductive Step: Let [ > 0 be given and assume that the statement is true for /. We prove that it
is true for [ + 1. Suppose that py, ..., p; arein N NPPand v € N NPy, all of which have top level
B. Assume that for all k < I, px | 6 = v and pj forces that b is a cofinal branch of U which is
not in V¥¢. Suppose that X has unique drop-downs to 8, A € <7 dom(py) is finite, and for all
k <1,{pr(t): 1t € A} is separatedon X | B. -

By the inductive hypothesis, we can fix y < §, w € N N Py, and conditions g o.gk,1 < Pk in
N NPforall k < [ satisfying conclusions (1)-(3). By Lemma 9.3 (Simple Generalized Extension),
find g < p; with top level y suchthatg | 8 = wandforallt € A, X [ B and X [ y are ¢(7)-
consistent.

Since {p;(r) : T € A} is separated on X | B, {q(r) : T € A} is separated on X [ y by

Lemma 5.7 (Persistence). Fix an injective tuple @ = (ay, ..., an—1) which enumerates X so that
{q(r) : T € A}is separatedond | y.LetXx =a | y.
Define X as the set of all tuples b = (bo. . .., bn—1) in the derived tree T3 for which there exist

qo.q1 < q with top level equal to the height p of b such that:

(D) go [0 =q116; )
(2) forallt € Aand j < 2, X and b are ¢, (t)-consistent;
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(3) there exists some { < p such that gg IFp ¢ € b and qg1lFp ¢ ¢ b.

By Proposition 11.1, X is dense open in 7%, and X € N by elementarity. Since T is a free Suslin
tree, T is Suslin. So by elementarity we can find some § < § greater than y such that every
member of T with height at least £ is in X. In particular,a | § € X.

Fix §;,0.41,1 < g which witness thata | § € X. Letz = gy [ §. Now apply Lemma 9.4
(Generalized Extension) in N to find, for each k < [ and j < 2, a condition gg ; < g,;j in N
with top level § suchthat g ; [ @ = zandforallT € A, X [ y and X [ § are gi_ ;(7)-consistent.
Then , z, and g ; forall k </ and j < 2 are as required. O

Proof of Theorem 10.1 (No New Cofinal Branches). Suppose for a contradiction that there exists
a condition p € P which forces in [P that b is a cofinal branch of U which is not in VF¢. We find
some v <y p | 6 which forces in Py that U has an uncountable level, which contradicts that U is
a Pg-name for an wq-tree. Let o be the top level of p.

Fix a suitable model N such that p € N and let § = N N w;. Fix an increasing sequence
(yn : n < w) of ordinals cofinal in § with y9 = «, and fix an enumeration (D, : n < w) of all
dense open subsets of P which liein N. Let g : o — 2 x Tg x (N N k) be a surjection such that
every element of the codomain has an infinite preimage.

We define by induction the following objects in w-many steps:

e a subset-increasing sequence (X, : n < w) of finite subsets of 75 with union equal to Tg;
e a subset-increasing sequence (A, : n < w) of finite subsets of N N x with union equal to
N Nk;

an increasing sequence (8, : n < w) of ordinals cofinal in §;

a decreasing sequence (v, : n < w) of conditions in N N Py;

a family of conditions {r® : s € =®2} € N N P and ordinals {{; : s € =®2} C §;
foralln < w,s € "2,and v € A,, an injective partial function 43 from X, to X,,.

We maintain the following inductive hypotheses for all n < w and s € "2:

(1) X, has unique drop-downs to 6;;
(2) 6, is the top level of r%;
3) r* < p,andifm >n,t €™2,ands C ¢, thenr! <r*;
@) r¥ 10 =up;
(5) An € dom(r?);
6) &s < Spy1, 75 Ol € b and s VIF & ¢ by
(7) forallt € A, and j <2, X, | 6, and X, | 8,41 are rsﬁj(r)-consistent;
(8) r* %and r* larein Dy;
9) {r’(r) : T € A} is separated on X, | &u;
(10) forallt € A, and x,y € X,,

hi(x) =y <= r’(0)(x [8) =y | bn.

Stage 0: Let Xo =@, Ag = 0,80 =, v9 = p 16, r? = p.

Stage n + 1: Let n < w and assume that we have completed stage n. In particular, we have
defined the following objects which satisfy the required properties: Xy, Ay, 6n, vn, 1%, {5, and h}
forall s € "2 and v € A,. Let g(n) = (no, z,0).

Fix p < § larger than §, and Y41 such that X, U {z} has unique drop-downs to p. Let D be
the set of conditions r in D, which have some top level £ > p such that A, U {o} C dom(r).
Then D € N and D is dense open in P.
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Apply Lemma 9.5 (Generalized Consistent Extensions Into Dense Sets) to find a family {7* :
s € "2} of conditions in N N D, a condition v, € N NPy, and y < § so that for each s € "2:

(@) ¥ <r5, 7S hastoplevel y,and 7 | 6 = vp;

(b) forall T € A,, X | 6, and X, | y are i**(r)-consistent.

Apply Lemma 9.7 (Generalized Augmentation) to find a family {#* : s € "2} of conditions in
N NP and a condition v, € N N Py, all with top level y + 1, and a finite set Y Ty such that
Xn U{z} C Y and Y has unique drop-downs to y + 1, satisfying that for all s € "2:

(© 7 <rfand7® [ O = Uy;

(d) forall T € Ay, X, | y and X, | (y + 1) are #5(t)-consistent;

(e) {r’(r): 1€ A, U{o}}isseparatedon Y [ (y + 1);

) let h;':a be the partial injective function from Y to Y defined by letting, forall x,y € Y,
h;‘:g (x) =y iff #*(o)(x [ (y + 1)) = y [ (y + 1); then z is in the domain and range of
hi,.

Define X,4+1 =Y and Ay4+1 = A, U {o}. Soforall s € "2, {/S(t) : T € Ap41} is separated on
Xnt1 | (v +1).

l\Iow aApply Lemma 11.2 to find 8,41 < 6, vp+1 € N N Py, and for all s € "2, conditions
r$7 0,571 < 78 in N N P satisfying that for all s € "2:

(g) foreach j < 2, r5J has top level 6,,+1 and e = Un+1; .

(h) foreach j <2andt € Ap41, Xp41 [ (v +1) and Xy 41 [ 8py1 are rsAJ_(t)—consistent;

(i) there exists some (g < 8,41 suchthat 7s O lkp &g e band rs 1IFp ¢ ¢ b.

For each s € "2, j < 2, and T € A,41, define a partial injective function hiﬁj from X, 41 to
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X1 by letting, forall x, y € Xpi1, by 7 (x) =y iffr* 7 (2)(x [ $ns1) = ¥ | 8p41. Observe
that by (f) and (h), we have:

() foralls € "2 and j < 2, h;fa = hf,Aj, and hence z is in the domain and range of hf,Aj.
This completes stage n 4 1. It is easy to check that the inductive hypotheses are satisfied.

This completes the construction. For each f* € “2, define a condition ¢ with domain equal to
N Nk as follows. Forany © € N Nk, define

re(t) = U{rfr”(r) n<w, T €Ay U U{h{[n n<w,ne€ Ay}

By Lemma 7.1 (Constructing Total Master Conditions), each ry is a total master condition for P
over N. Define v = ry [ 0 for some (any) f € “w.

For each f € ®2, let by be such that ry IFp hNs =b #. Due to our assumption about the levels
of U, it is easy to argue that ry forces that by is a cofinal branch of U | §. Suppose that f # g.
Let n be least such that f(n) # g(n), and assume without loss of generality that f(n) = 0 and
gm)=1.Lets=f [n=g|n Thenry <r* %andrg <r* . Sors IFp & €b | §and
rg ke {5 ¢ b | 8. Hence, by # by.

Now we are ready to get a contradiction. Let Gy be a generic filter for Pg such that v € Gy. In
V[Ggl, let P/ Gy be the suborder of P consisting of all ¢ € Psuchthatg | 6 € Gg. LetU = U%%.
In V[Gg], each by is a cofinal branch of U | 8, and r¢ forces in P/ Gg that by = b N §. Hence rf
forces that 15(8) is an upper bound of by. Since having an upper bound in U is absolute between
V[Gg] and any generic extension by P/ Gy, by does in fact have an upper bound in Us, which we
denote by xs. By construction, if f # g then by # bg, so xy # xg. Hence, Us is uncountable,
which contradicts that U is an w;-tree in V[Gg]. O
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12. THE MAIN RESULT

We are now prepared to prove the main result of the article.

Theorem 12.1 (Main Theorem). Suppose that there exists an inaccessible cardinal k and an
infinitely splitting normal free Suslin tree T. Then there exists a forcing poset P satisfying that the
product forcing Col(wy, <k) x P forces:

(1) k = wy;

(2) GCH holds;

(3) T is a Suslin tree;

(4) there exists an almost disjoint family { f; : T < wa} of automorphisms of T;
(5) there does not exist a Kurepa tree.

Proof. Let V be the ground model in which T and « are as above. For simplicity in notation, let
@Q = Col(w1, < k). Note that Q x IP has size «. Let P be the forcing poset of Definition 5.2 in
V. Since w1-closed forcings preserve Suslin trees, 7T is still free in V@, Also, the definition of P
is easily seen to be absolute between V and V2. So Q x P is forcing equivalent to the two-step
forcing iteration of QQ followed by the forcing of Definition 5.2 (with x = w;). Since CH holds in
V2 in VQ we have that P is w,-c.c. Consequently, Q x P is k-c.c. As QQ is w1-closed and hence
totally proper, and Q forces that PP is totally proper and preserves the fact that 7" is Suslin, Q x P
is totally proper and forces that 7" is Suslin. Statements (1)-(4) are now clear.

For (5), let U be a nice (Q x P)-name for an w;-tree (with underlying set w1). By the x-c.c.
property and the fact that conditions in @ x P have countable domain, there exists some 6 < x
such that U is a (Col(w;, < 6) x Pg)-name. Let G x H be a generic filter on Q x P. By
the usual factor analysis for product forcings, we can write V[G] = V[Gg][G?][Hy][H], where
Gy = G N Col(wy, <0), G? = G N Col(w1, [0, «)), Hy = H N Py, and we consider H to be a
V[G][Hg]-generic filter on the quotient forcing P/ Hy.

Let U = U%>Ho  Then U is in V[Gy][Hp], and hence U is in V[G][Hy]. Consider a
cofinal branch b of U in V[G][H]. Applying Theorem 10.1 in V[G], b is in the model V [G][Hg],
which by the product lemma is equal to the model V[Gy][Hg][G?]. Since Col(w;, [0, k)) is w-
closed in V[Gy][Hg] and w;-closed forcings do not add new cofinal branches of w;-trees, b is in
V[Ggl[Hg]. As k is inaccessible and 6 < «, k is also inaccessible in V [Gg][Hg]. Because every
cofinal branch of U in V[G][H] is in V[Gg][Hg], there are fewer than k many cofinal branches of
U in V[G][H]. So U is not a Kurepa tree in V[G][H]. O

It remains to verify the following claim from Section 1.

Proposition 12.2. Let k be an inaccessible cardinal, let Q be Jech’s forcing for adding a Suslin
tree, and let P be a Q-name for the forcing of Definition 5.2 using the generic Suslin tree. Then
Q *x P is forcing equivalent to some wi-closed forcing.

Proof. In V define a forcing poset A as follows. A condition in A is a pair (¢, /) satisfying:

et €(Q;
e f is a function whose domain is a countable subset of x and whose range is a set of
automorphisms of 7.
Let (u,g) < (t, f)ifu <g ¢, dom(f) € dom(g), and for all « € dom(f), f(x) € g(x). It is
easy to check that A is w;-closed. (The forcing A is similar to [14, Theorem 3], but we are not
requiring that f be injective nor that the range of f be a group).
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Let A’ be the suborder of A consisting of all conditions (z, /) such that ¢ has successor height.
We claim that A’ is dense in A. So let (¢, /) € A be such that ¢ has height a limit ordinal 8.
Enumerate ¢ as (x, : n < w) and dom( f) as (y, : n < w). For each n < w fix a cofinal branch
by of t with x;, € b,. For purposes of bookkeeping, fix a surjection

h:o—->2x{-1,1}xoxw

such that: for all n < w, letting h(n) = (i,m, k,l),if n = 0theni = 0, andif n > O then k < n.

We build a sequence (¢, : n < w) of cofinal branches of ¢ in w-many stages as follows.
Assuming that n < @ and we have completed stages before n, let h(n) = (i,m,k,l). Ifi =0,
letc, = f(y)"[bx). Ifi = 1, letc, = f(y;)™[ck]. This completes the construction. Now let
u=tU{b, :n <w}Uf{c, : n < w}. Define g with domain equal to dom( /) so that for all
T edom(f), g(t) [t = f(r)andforall binu \ ¢, g(r)(b) = f(r)[b]. By our bookkeeping, it
is straightforward to check that (u, g) € A’ and (u, g) < (¢, f).

Now the map from A’ to Q % P given by (¢, f) > (1, f ) is clearly an embedding. To see that
the range is dense, consider (z, f ) € Q * P. Extend 7 to u in Q which decides f as f and has
successor height greater than the height of z. Now applying Proposition 4.3 (replacing 7 | (¢ + 1)
with u, letting X = @, and ignoring (3)), there exists some g such that dom( /) = dom(g) and
forall T € do.m(f), g(7) is an automorphism of u such that f(t) € g(z). Then (u, g) € A’ and

u,8) <@, f)inQxP. n

By the arguments given in Section 1, we have the following consequences of Theorem 12.1
(Main Theorem).

Corollary 12.3 (Almost Kurepa Suslin Tree + —KH). Assume that there exists an inaccessible
cardinal k. Then there exists a generic extension in which k equals w,, CH holds, there exists an
almost Kurepa Suslin tree, and there does not exist a Kurepa tree.

Corollary 12.4 (T is Suslin 4+ 0 (T) = wy + ¢ + —KH). Assume that there exists an inaccessible
cardinal k. Then there exists a generic extension in which k equals w,  holds, there exists a
normal Suslin tree with w,-many automorphisms, and there does not exist a Kurepa tree.

Corollary 12.5 (Non-Saturated Aronszajn Tree + —KH). Assume that there exists an inaccessible
cardinal k. Then there exists a generic extension in which k equals w,, there exists a non-saturated
Aronszajn tree, and there does not exist a Kurepa tree.
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