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ABSTRACT

We survey some less-known facts concerning the properties of embeddings and
projections between forcing notions. We will aso state some generalizations of the
Easton’s lemma. To our knowledge, many of these facts have not been published,
so we include their proofs for the benefit of the reader.
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1 Introduction

The method of forcing was introduced by Paul Cohen [Coh63, Coh64] in his proof of
the independence of the axiom of choice and the continuum hypothesis over ZFC. Since
then forcing has proved to be a powerful technique for producing consistency results.

A forcing notion is a partially ordered set (P, <) with the greatest element. A sub-
stantial part of the forcing machinery deals with combinatorial properties of partially
ordered sets. We will survey some results in this area; they are mostly combinatorial
and require little knowledge of the forcing method but we do give some more details
and definitions in Section 2.

In the forcing constructions we often need to compare two forcing notions to find out
whether they give rise the same generic extension or whether one forcing notion gives
rise to an extension which is smaller than the other one:

Suppose P and @ are two forcing notions. Does it hold that

(%) for each P-generic G over V there exists a Q-generic H over V in V[G]
such that V[G] = V[H], and conversely?

This question is related to the notion forcing equivalence which is usually formulated
more restrictively than (x), see Definition 12. The definition of forcing equivalence is
tightly connected to the notion of dense embedding. There are several non-equivalent
and equivalent definitions of the forcing equivalence and some strengthenings which
use the notion of dense embedding. We survey some less-known facts related to these
notions.

A natural weakening of (x) is to ask whether for every P-generic filter G over V,
there is a Q-generic filter H over V in V[G], yielding V[H] C V[G]. This question



leads to the notions of complete embedding and projection between forcing notions,
functions from P to ) or conversely with some extra properties. Existence of such
functions makes it possible to view P as a two-step iteration which starts with ) and is
followed by some other forcing notion which we call the quotient forcing (determined
by P and @). In terms of the forcing equivalence, P is forcing equivalent to @ * R,
where R is a Q-name for the quotient forcing.

In the last section we discuss the chain condition, closure, and distributivity of forc-
ing notions and their preservation by some other forcing notions. We will state some
useful variations on the Easton’s lemma which feature more than two forcing notions
and deal with distributivity.

2 Preliminaries

In this section we review some basic facts about forcing and fix notational conventions.
The general reference is Jech’s book [JechO3]; the treatment of the iteration of forcing
notions follows Baumgartner’s paper [Bau83].

A forcing notion is a partially ordered set (P, <) with the greatest element which we
denote 1p. To simplify notation, we will often write P instead of (P, <) if the ordering
is clear from the context.

A condition p is stronger then ¢, in symbols p < g, if it carries more informations.
We say that two condition p and g are compatible, in symbols p || g, if there is an element
of the ordering such that it is below both p and q. We say that they are incompatible,
if they are not compatible and we denote this by p L ¢q. We say that A C P is an
antichain if all distinct p, g in A are incompatible; an antichain is maximal if every p
in P is compatible with some element in A.

If (P, <) is a forcing notion, we write V[ P] to denote a generic extension by P if the
concrete generic filter is not important. Sometimes we write P I ¢ in place of 1p IF ¢.

We say that (P, <) is separative if p £ ¢ implies that there is some 7 < p which
is incompatible with ¢g. Note that if (P, <) is separative, then p < ¢ is equivalent to p
forcing ¢ into the generic filter.

A forcing notion is said to be non-trivial if below every condition there are two
incompatible extensions. Otherwise the forcing notion is called trivial. Note that if
(P, <) is non-trivial, then any P-generic filter cannot be an element of the universe.

To obtain all generic extensions it suffices to consider only the separative orders:
If (P, <) is not separative, then it has a separative quotient which produces the same
generic extensions as P. For more details about separative quotients see [JechO3].

Now we define the notion of a lottery sum of forcing notions to provide some coun-
terexamples in Section 3. The concept of a “sum” of forcing notions has been around
for a long time; for more details see [HamOO].

Definition 1 Let { P;; i € I} be an indexed set of forcing notions (P;, <p,). We define
the lottery

Pi{r;icry} (1)

as a forcing notion as follows: The underlying setis { (i,p); p € P; & i € I }U{1}
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where 1 is not an element of | J{ P; ; i € I }, the ordering is such that 1 is the greatest
element, and (i,p) < (j,q) < i=jandp <p, q.

The intuition is that a @{ P; ; ¢ € I }-generic first chooses a forcing notion to force
with, and then forces with it.

Finally, we define several forcing notions which we will use to illustrate certain
concepts in the following sections.

The Cohen forcing is the forcing used by Cohen to show the independence of the
continuum hypothesis [Coh63, Coh64].

Definition 2 Let k > w be a regular cardinal and o« > 0 an ordinal. Cohen forcing
at k of length «, denoted by Add(k, @), is the set of all partial functions from k X « to 2
of size less than k. The ordering is by reverse inclusion, i.e. p < q <= q C p.

Cohen forcing at « is k-closed, and if k<% = k, then it is also x*-Knaster (see
Definition 17).

The following forcing was introduced for x = w by Sacks in [Sac71] and the gener-
alized version for a regular cardinal x > w was introduced by Kanamori [Kan80].

Definition 3 Let k > w be a regular cardinal. We say that a set (T, C) is a perfect
k-tree if the following hold:

(i) T C <F2and T is closed under initial segments, i.e. ift € T and s € <*2 is such
that s C t, then s € T

(ii) VteT3seT(t C s & s70 € T & s~1 € T), that is, above every node t € T
there is a splitting node s;

(iii) If (so | < ) for v < K is a C-increasing sequence of nodes in T, then the

union s = J, ., $a isin T

(iv) If there are unboundedly many splitting nodes below s € T, then s splits, i.e. if for
every t C s there exists a splitting node t' such thatt C t' C s, then s splits in T.

Note that if kK = w the items (iii) and (iv) are redundant.

Definition 4 Let k > w be a regular cardinal. The Sacks forcing at k, denoted
by Sacks(k, 1), is the collection of all perfect k-trees as in the previous definition. The
ordering is by inclusioni.e. p < q <= p Cq.

Remark 1 For x > w, we can change the item (iv) in Definition 3 in various ways. For
example we can require that the item (iv) holds only for nodes of a given fixed cofinality
and forbid the splitting on other cofinalities, see [FH12]. Or in general we can require
item (iv) only for some stationary subset .S of k; i.e. if there are unboundedly many
splitting nodes below s € T' and the height of s is in S, then s splits. We can also add
some additional properties regarding the splitting nodes with respect to some stationary
subset of «, see Definition 3.1 (3) in [JSO1]. These modifications provide variations of
the Sacks forcing with some additional properties.
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Now, we define a forcing for adding a closed unbounded subset to a stationary subset
of wy, which is due to Baumgartner, Harrington and Kleinberg [BHK76].

Definition 5 Ler S C wy be stationary. We define a forcing CU(S) which adds a
closed unbounded set to S. The conditions in CU(S) are closed bounded subset of S
ordered by end-extension.

Note that we can define the forcing notion CU(X) for every subset X of w;. How-
ever, if X is not stationary, then the forcing CU(X) collapses cardinals. More precisely,
CU(S) is wy-distributive (see Definition 17) if and only if S is stationary. If S C w;
is stationary and co-stationary (i.e. wy \ S is stationary) then forcing with CU(w; \ S)
destroys the stationarity of S.

Definition 6 Let x > w be a regular cardinal. We say that a k-tree is a k-Suslin tree
if it has no cofinal branches and does not contain antichains of size k.

When forcing with a tree 7, the ordering is the reverse ordering of the tree 7. A
k-Suslin tree viewed as a forcing notion is x-cc and s-distributive (see Definition 17),
in particular forcing with a Suslin tree preserves all cardinals.

In contrast to the forcing notions mentioned so far, a k-Suslin trees exists only con-
sistently. For example under MAy, (Martin’s Axiom) there are no w;-Suslin trees; on
the other hand under the assumption of <, there are always wy-Suslin trees. Sometimes
it is convenient to consider Suslin trees with some additional properties:

Definition 7 Assume that T' is a tree and s is in T. Let T denote the set of all nodes
in T which are comparable with s; i.e. Ty ={t €T ;t<psVs<pt}

Definition 8 Let S and T be trees of height wy. Let S ® T denote the set of all pairs
(s,t) such that there is an ordinal v < wy with s € Sy and t € T.,. The ordering
of S @ T is component-wise: (s,t) <sgr (s',t')if s <g s andt <p t'.

Definition 9 Let T be an w1-tree and let 0 < n < w. A derived tree of dimension n
(or an n-derived tree) is a tree of the form

Tty @1, @ QT 4, 2)
where tg, ... ,t,—1 are distinct elements of T of the same height.
A derived tree of dimension 1 is just a tree of the form 7; where t € T'.

Definition 10 Let 1 < n < w. A Suslin tree T is n-free if all of its n-derived trees are
Suslin. A Suslin tree T is free if it is n-free for all 1 < n < w.

Free Suslin trees were originally introduced in [Jen] by Jensen under the name full
Suslin trees.

Definition 11 An wy-tree T is rigid if there does not exist any automorphism of T other
than the identity function. It is homogeneous if for all t and s in T' with the same height,
there exists an automorphism f : T — T such that f(t) = s.

Free w;-Suslin trees are rigid. Free and homogeneous w;-Suslin trees can be con-
structed from < (the construction is due to Jensen).

20



3 Comparing forcing notions

In this section we state some facts concerning the comparison of forcing notions. To our
knowledge, many of these facts have not been written up in detail in literature, so we
include their proofs for the benefit of the reader. The books [Kun80] and [Abr10] are a
general reference for this section.

For the purposes of this section, we assume (unless we say otherwise) that our forc-
ing notions are non-trivial and separative.

3.1 Forcing equivalence and dense embeddings

Recall that if (), <¢) is a partial order, then we can find a complete Boolean alge-
bra (RO(Q), <ro(q)) and a dense embedding i from @ to the positive part ROT(Q)
of RO(Q), i.e. to the set { b € RO(Q) ; b > Oro(q) }- The algebra RO(Q) is unique
up to isomorphism. If (@), <¢) is in addition separative, then the mapping ¢ is 1-1 and
therefore it is an isomorphism between @ and some dense subset of RO™(Q). The
uniqueness of the Boolean completion can be used to define a natural notion of the forc-
ing equivalence of forcing notions:

Definition 12 We say that two forcing notions (P, <p) and (Q, <q) are forcing equiv-
alent if their Boolean completions are isomorphic.

It is easy to see that forcing-equivalence implies the following weaker model-theo-
retic property:

(%) for any P-generic G over V there exists a Q-generic H over V in V[G]
such that V[G] = V[H], and conversely.

If P is any forcing notion, then the lottery sum of xk-many copies of P for xk > (2“3 | )+
yields a non-equivalent forcing notion which however satisfies the model-theoretic con-
dition ().

We will discuss several concepts related to the relationship between two forcing
notions (P, <p) and (@, <); these concepts will be formulated in terms of existence
of certain functions from P to () (and conversely) and also in terms of model-theoretic
conditions which are weakenings of the condition ().

Definition 13 We say that a function i : P — @ between partial orders (P,<p) and
(Q, <q) is a dense embedding if it is order-preserving, i(p) L i(p") whenever p L p/,
and the range of i is dense in Q).

It is easy to check that the existence of a dense embedding implies the forcing equiv-
alence, but the converse does not necessarily hold. In fact, we will show below that
the forcing equivalence does not even imply a weaker condition than the existence of a
dense embedding; this weaker condition is stated in Lemma 2.

Let us state two lemmas (Lemma 1 and 2) which are used in practice to check that
two forcing notions are equivalent. In both cases, there is a third forcing notion which
is used to compare the two. The first lemma provides an equivalent characterization
while the second one gives only a sufficient condition. The proofs are an exercise for
the reader.
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Lemmal Let (P, <p)and (Q,<q) be forcing notions. The following are equivalent:
(i) (P,<p)and (Q,<q) are forcing equivalent;

(ii) There exists a forcing notion (S, <g) such that both (P, <p) and (Q, <) densely
embed into (S, <g).

Instead of P, () densely embedding into S, we may consider the opposite configura-
tion with .S densely embedding into P, ):

Lemma2 Let (P, <p)and (Q,<q) be forcing notions. If there exists a forcing notion
(S, <g) such that (S, <g) densely embeds into both (P,<p) and (Q,<g), then the
notions (P, <p) and (Q, <q) are forcing equivalent.

Notice that Lemma 2 gives only a sufficient condition for forcing equivalence. In
fact, we will show that the converse of Lemma 2 does not hold in general. To find a
counterexample, it suffices to consider a forcing notion R with the property that if we
force with R, there will be only one generic filter over R in the generic extension by R.
More precisely, if G is R-generic over V and H is R-generic in V[G], then G = H. If
this holds, we say that R has the unique generic property.

If R has the unique generic property, then any two disjoint dense subsets P and @)
of R will give a counterexample to the converse of Lemma 2:

Lemma 3 Let (R, <) be a forcing notion' and let P,QQ C R be two disjoint dense
subsets of R. Moreover, assume that there is a forcing notion (S, <g) with dense em-
beddingsi: S — Pand j: S — Q. Then for every s € S thereisat € Switht < s
such that i(t) L j(t) in R.

Proof Lets € S be arbitrary. Since P and @ are disjoint, we must have i(s) # j(s),
and in particular j(s) € i(s) ori(s) € j(s). Assume without loss of generality that
j(s) £ i(s); by separativity, there is 7 € R such that r < j(s) and r L i(s). Since
P is dense in R, there is p € P such that p < r < j(s). Note that p L i(s). Since
p € P C Rand Qis densein Rthereis g € Q suchthatq < p < j(s). Since j is adense
embedding, there is ¢ < sin S such that j(¢) < ¢ < p < j(s). Butnow i(t) <i(s) L p,
and hence i(t) L pandi(t) L j(t). O

It follows that if P, @), .S, R are as in Lemma 3, then R cannot have the unique generic
property: If G is S-generic, then Hy = i[G] and H; = j[G] generate two generic filters
over R which must be different (the set of the ¢’s with j(¢) L () is dense in \S).

This leaves us with the question whether there is a forcing R with the unique generic
property. One well-known example is a 2-free Suslin tree; see Definition 10 above for
more details. There is also a more complicated example in ZFC, constructed by Jech
and Shelah in [JSO1] using a variant of the Sacks forcing at an uncountable regular k.

IRecall that we assume that forcing notions are separative.
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3.2 Projections, complete embeddings and regular embeddings

Let us now turn to analyzing forcing notions P, Q) with () giving a “bigger” extension
than P.

Definition 14  We say that a function w : P — Q between (P, <p) and (Q,<q) is a
projection if it is order-preserving, m(1p) = 1g, and

forallp € Pandall g <¢g m(p) there is p’ <p p such that w(p’) <¢g q.> 3)

Let 7 be as above and fix a P-generic filter G. If D C @) is open dense in () then
1"Dis open dense in P and it is easy to see that /G generates a -generic filter.
Let us denote this generic filter by H.

The forcing P can be decomposed into a two-step iteration of () followed by a
quotient forcing P/H defined as follows:

P/H={peP;n(p)cH} “)

Now, it holds that G is a P/ H-generic filter over V[H| and V|G| = V[H|[G], where in
the first model G is taken as a P-generic filter over V' and in the second as a P/ H-generic
filter over V[H].

The converse holds as well. If we first take a -generic filter H over V and then a
P/H-generic filter G over V[H], then G is a P-generic filter over V' and moreover the
generic filter H is generated by 7" G.

Definition 15 We say that a function i : Q — P between partial orders (Q, <q) and
(P, <p) is a complete embedding if it is order-preserving, i(q) L i(q') whenever ¢ L ¢
and

forall p € P there is q € Q such that for all ¢ < q, i(q¢') || p. 5)

Analogues of facts mentioned for projections following Definition 14 hold also for
complete embeddings. Let ¢ be as in the definition above and fix a P-generic filter G.
If D C Q is predense in () then i ” D is predense in P and i ! "Gisa (2-generic filter.
Let us denote this generic filter by H and in V' [H] define a quotient forcing as follows:

P/H={peP;Vqe H(p|li(g) }. (6)

Then G is a P/H-generic filter over V[H] and V[G] = V[H][G], where in the first
model G is taken as a P-generic over V and in the second as a P/ H-generic over V[H].

The converse direction holds as well. If we first take a -generic filter H over V'
and define the quotient forcing P/H and then take a P/H-generic filter G over V[H],
then G is P-generic over V and moreover the generic filter H is equal to i ~! "q.

Remark 2 In general, the quotient forcings (4) and (6) of two separative forcings do
not have to be separative. Consider the following easy example using Cohen forcing
Add(k, a) (see Definition 2). Let x be a regular cardinal and 0 < 8 < « be ordinals.

2Note that the condition 7(1p) = 1¢ together with (3) ensure that the range of  is dense in Q.
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Then it is easy to see that 7 : Add(k, o) — Add(k, 8) defined by w(p) = p[(k x 5) is
a projection. Let G be an Add(k, ()-generic filter over V. Then

Add(k,a)/G ={p € Add(k,a); pl(k x B) € G }. @)

It follows that all conditions in Add(x, 8) which are in G are in Add(k, ))/G and also
every condition p in the quotient Add(k, a))/G is compatible with all conditions in G.
Thus two arbitrary conditions gg # ¢; in G witness that Add(x, «)/G is not separative.
This argument can be modified for complete embeddings as well.

Complete embeddings have the following equivalent—and often more useful—char-
acterization.

Definition 16 We say that a function i : QQ — P between partial orders (Q, <q) and
(P, <p) is a regular embedding if it is order-preserving, i(q) L i(q') whenever q L ¢,
and 1" A is a maximal antichain in P, whenever A is maximal in Q.

Lemmad4 Let (Q,<q) and (P, <p) be two partial orders. Then a function i from Q
to P is a complete embedding if and only if it is a regular embedding.

Proof Assume that 7 is a complete embedding from @ into P. Let A C @ be a
maximal antichain and let p in P be given. We will show that there is a € A such
that i(a) || p, hence i A is maximal. As p is in P there is ¢ € @ such that for all ¢’ < ¢,
i(¢") || p by (5). Since A is maximal in @, there is a € A such that a || ¢, hence there is
¢’ < g such that ¢’ < a. Therefore i(¢") < i(a) and i(¢’) || p. Hence i(a) || p.

For the converse direction assume that 7 is a regular embedding between @ and P. Let
p in P be given and assume for contradiction that for all ¢ € @ there is a ¢/ < ¢ such
that i(¢’) L p. Then the set

D={qeQ;i(qg)Lp} ®

is dense in ). Let A C D be a maximal antichain, then by the definition of a regular
embedding i ” A is maximal in P, hence there exists a € A such that i(a) || p. This is a
contradiction as a is also in D and therefore i(a) L p. O

It would be tempting to claim that a projection from (P, <p) to (Q), <) ensures
the existence of a complete embedding from (@, <) to (P, <p) and conversely. But
in general we need to use the Boolean completions of P and Q).

Lemma5 Let (Q,<g) and (P, <p) be two partial orders. Then the following hold:

(i) If there is a complete embedding from Q) to P, then there is a projection from P
to ROT(Q).

(ii) If there is a projection from P to Q, then there is a complete embedding from Q)
to ROT(P).
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Proof (i). Let ¢ be a complete embedding from @) to P. Let us define a function 7
from P to ROT(Q) by

m(p)=\{a€Q; v <qli(d) || p)} ©)

First note that 7 is defined correctly for all p € P by (5). Moreover, for all g in @ it
holds:

m(i(q)) = q. (10)
To verify (10) denote Q, = { ¢ € @ ; V¢’ < q(i(¢') || p) } for p € P. Let us first
show that 7(i(q)) < g, i.e that for all ¢* € Q;(,) it holds that ¢* is below ¢: if not,
there exists ¢’ < ¢*, which is incompatible with ¢, by separativity of @QQ; however, as i
is a complete embedding, it holds i(¢") L i(q), which contradicts ¢* being in Q;(4). To
show 7(i(q)) > ¢, notice that for every ¢’ < ¢ it holds that i(q") < i(q); therefore q is
in Qi(q)-
Let us now argue that 7 is a projection. The order-preservation follows since @,y C @
whenever p’ < p. Since all conditions are compatible with the condition 1rRo+(@)> We
have 7T(1p) = 1RO+(Q)-

Let us now prove the condition (3). Assume that b < 7(p) (if b = 7(p) the condition is
satisfied trivially). Since 7(p) = \V/{q € Q; V¢’ < q (i(¢’) || p) }, there is ¢ € Q such
that ¢ < b and i(q) is compatible with p. Hence there is p* € P below both i(q) and p.
The rest now follows as 7(p*) < 7(i(q)) and 7(i(q)) = ¢ by (10).

(ii). Let 7 be a projection from P to Q. Let us define a function i from @Q to RO™ (P)
by

il =\/{peP;np)<q} (11

First note that 7 is defined correctly for all ¢ € @ as 7 is dense. We will show that the
function ¢ is a complete embedding. Since {p € P; 7w(p) <¢'} C{pe P;n(p) < ¢}
whenever ¢’ < g, it is clear that ¢ is order-preserving. Assume that i(q) || i(¢’) for
q, ¢ € Q; we will show that q || ¢’. As we work with a complete Boolean algebra,
i(q) || i(¢') is equivalent to:

il Ni(g) = \/{pADp; 7(p) < q & 7(p) < q'} # Opo+(p)- (12)

Therefore there are p and p’ in P such that p A p" # Ogo+(py, 7(p) < gand 7 (p’) < ¢'.
By density of P in RO™(P), there is p* € P below p A p’ and as 7 is order-preserving,
m(p*) is below both ¢ and ¢’.

To conclude that ¢ is a complete embedding, it suffices by Lemma 4 to verify that the
image of a maximal antichain is maximal. Let A be a maximal antichain in ), and
p € P be given (it is enough to consider elements of P as P is dense in RO (P)).
As A is maximal, there is a € A such that ¢ and 7(p) are compatible. Hence there is
g € @ which is below a and 7(p). By (3), there is p’ < p such that 7(p’) < ¢. Since
ila) =V{pe P; n(p) <q}andn(p) < ¢, we conclude p’ < i(a). Therefore the
antichain ¢ ” A is maximal. 0
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There is a natural, model-theoretic, method for getting projections between (P, <p)
and (Q, <(): it suffices to show that every generic extension V [G] where G is P-generic
contains a -generic filter H.

Lemma 6 Let (P,<p) and (Q,<q) be two partial orders. Assume that for every
P-generic filter G over V _there is in VI[G] a Q-generic filter over V. Let H be a
P-name such that 1p I+ “H is a RO" (Q)-generic filter”.> Then the following hold:

(i) Define w: P — ROT(Q) by
m(p) = N\{b€ROT(Q); pl-be H }. (13)

Setbg = m(1p) = AN{b € ROY(Q); 1p |- b€ H}. Let ROT(Q) | bg denote
the partial order { b € RO1(Q) ; b < bg }. Then

TP = RO+(Q) ['bg is a projection. (14)

(ii) Moreover, T can be defined just using —Q = { —q; ¢ € Q }:

)= N\{-q:9€Q & plk—qe H} =
N —a:0€Q &pl-qgH}. (15)

Proof (i). First, we argue that 7 is well defined, i.e. 7(p) > Oro(q) forall p € P. To
see this, denote: )

H,={beROT(Q); plFbe H}. (16)
If 7(p) = A Hp = Oro+(qg). then D = { b € ROY(Q) ; 3h € Hy(h L b) } is dense.
Therefore if G contain p, then H, C H = HE and also H N D # (), hence H contains

two incompatible elements. This is a contradiction with the assumption that H is forced
to be an RO™ (Q)-generic filter by P.

Notice also that 7(p) = A H, is forced by p into H: Consider the following dense set:
D={beROT(Q); b< \H,Vv3heHy(hLb)}. (17)

If G contains p, but H does not contain /\ Hp, then H must meet D in some element
incompatible with some element in H,,. This is a contradiction. Therefore p forces 7(p)
into H.

Now, we show that 7 is a projection. The preservation of the ordering is easy. We
check the condition (3), i.e. for every p € P and every ¢ < 7(p), there is p’ < p such
that w(p’) < c. Let p and ¢ be given. If ¢ = 7(p), we are trivially done. So suppose
¢ < m(p). If for every p’ < p, p’ I ¢ € H, then p I 7(p) — ¢ € H, which contradicts
the fact that 7(p) is the infimum of H, = { b € RO (Q); pI- b € H }. It follows that
there is some p’ < p, p’ IF ¢ € H. Then 7 (p’) < c as required.

3Notice that 7 defined below depends on the specific name H we choose.
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(ii). Let p be fixed and let a,, denote A{ —¢; ¢ € Q & plF —q € H }. We wish to show
that 7(p) from (13) is equal to a,. Clearly w(p) < a,,. For the converse first notice that

)= N\{-1:q€Q & n(p) < —q}. (18)

This follows from the fact that each element b of RO (Q) can be expressed as a supre-
mum of elements of () which are below b.

Letas denote { —q; ¢ € Q & m(p) < —¢} by —Q,. To conclude the proof it is enough
to show that —Qp, is asubsetof { —¢; ¢ € Q & p Ik —q € H }, i.e. to prove that if
7(p) < —qthen p I —q € H. However, we already proved that p forces 7 (p) into H,
therefore if —q > m(p) thenp I+ —q € H. O

Lemma 7 Let (P,<p) and (Q,<g) be two partial orders. Assume that for every
P-generic filter G over V, there is in V[G] a Q-generic filter over V. Let H be a
RO (P)-name such that Lro+py IF “H is a ROT(Q)-generic filter”.* Then the fol-
lowing hold:

(i) Definei: ROT(Q) — ROT(P) by
i(b) = \/{a € ROT(P);alkbe H}. (19)

Setbg = N{b € ROT(Q) ; Iro+(p) IF b € H}. Let ROT(Q) [ bg denote the
partial order { b € ROT(Q) ; b < bg }. Then

i:ROT(Q) [bg — RO™(P) is a complete embedding, (20)
where (19) implies i(bg) = 1ro+(p)-

(ii) Let Q[ bg denote the partial order (Q NRO™(Q) [bg) U{bg}. Theni’ =i (Q1
bg) from Q [bg to ROT(P) is a complete embedding.

(iii) Moreover, i’ can be defined using only the conditions in P:
i(q)=\/{peP;plkqe H}. @1

Proof (i). First notice that 7 is correctly defined below bq, i.e. for b < bg the set
{a € ROT(P); alF b € H} is nonempty. Let us denote this set by ROT (P),.
If b = bg, then i(b) = lgp+(py by the density argument from (17). Assume that

b < bg. If ROJF.(P);, is empty, then there is no a € ROf(P) with a I+ b € H, ie.
lro+(py I b ¢ H. Then 1zg+(p) forces —b A bg to be in H and this is a contradiction

as we defined b, to be the infimum of the conditions in RO™(Q) which are forced into
H by ]‘RO+(P)'
Further notice that i(b) forces b into H. If not, then there is a below i(b) which forces

that b is not in H but as a is below i(b) = \/{a € ROY(P); al- b € H }, there is
ap < a which forces b into H. This is a contradiction.

“4Notice that 4 defined below depends on the specific name H we choose.
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If b < ¥/, then every a € RO+(P) which forces b € H , forces b’ in H as well, since
H is forced to be a generic filter, therefore i is order-preserving. The preservation of in-
compatibility is easy, as compatible conditions cannot force two incompatible conditions
into a filter.

To finish the proof, it suffices by Lemma 4 to show that the image of a maximal antichan
is maximal. Let A be a maximal antichain in RO™(Q) and let b in RO™ (P) be given.
As A is a maximal antichain and H is forced to be a generic filter, there has tobe a € A
and b’ < bsuch that b’ IF a € H. Butsince i(a) = \/{b € ROT(P); bl ac H},
b < i(a) and hence b || i(a); therefore ¢/ A is maximal.

(i1). This follows from Lemma 9(i).

(iii). Let ¢ be fixed and let a, denote \/{p € P; p |- ¢ € H }. We show that i(q)
as in (19) is equal to a,. Clearly a, < i(g). For the converse, as i(q) is an element of
RO™(P) and P is dense in RO1(P), i(q) = \/{p € P; p < i(q) }; but all conditions
below i(q) have to force ¢ in H, and therefore i(q) < a,. O

Remark 3 Note that in the previous two lemmas, Lemma 6 and Lemma 7, we cannot
in general require 7(1p) = lgo+(q) or i(lq) = lro+(p), respectively. Consider the
lottery sum of Add(Rg, 1) and Add(R;, 1). Itis easy to see that every Add(Xy, 1)-generic
filter adds a generic filter for the lottery but only below a condition which chooses
Add(Rg, 1).

We conclude this section by further facts about projections and complete embed-
dings.
Lemma 8 Assume (P,<p) and (Q,<q) are partial orders and 7 : P — Q is a
projection.
(i) If P' is dense in P, then | P’ : P’ — Q is a projection.
(ii) (a) If P is dense in P', then there is 7' D 7 such that @' : P' — ROV (Q) is a
projection.
(b) If P’ is forcing equivalent with P, then there is a projection @’ : P’ —
RO™(Q).
(iii) Let R be a P-name for a forcing notion. Then m naturally extends to a projection
' PxR— Q.
Proof (i). Obvious.
(ii)(a). For p’ € P’ define

() =\/{r(p);peP &p<p}. (22)

By density of P in P’, { 7(p); p < p’ } is non-empty for every p’ and therefore 7’ (p’)
isin ROT(Q) . If p’ < ¢ are in P’, then clearly 7’/(p') < 7'(¢'). Suppose p’ € P’ is
arbitrary and b < 7/(p’). By the definition of 7’/ (p’), there is &’ < b such that for some
p <p,pe P,V < m(p). It follows there is some ¢ < p < p/, ¢ € P, such that
m(q) = 7'(q) < b < bas desired.
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(ii)(b). As P is dense in RO™(P), by the previous item there is a projection 7* from
RO™(P) to ROT(Q). Since P’ is forcing equivalent to P, P’ is dense in RO™ (P), and
7/ = 7* | P’ is a projection from P’ to RO™(Q) by (i).
(>iii). Define

7' (p,7) = m(p), (23)
for every (p,7) in P % R. If (p1,71) < (pa,72), then in particular p; < p, and so
' (p1,71) < 7'(p2,72) because 7 is order-preserving. If (p,r) is arbitrary and b <
7' (p,7) = 7(p), then since 7 is a projection, there is p’ < p such that w(p’) < b. Since
(p',7) < (p,7), ' (p',7) < bis as required. O

Lemma 9 Assume (P,<p) and (Q,<q) are partial orders and i : Q — P isa
complete embedding.

(i) If Q' is dense in Q, theni| Q' : Q' — P is a complete embedding.
(ii) (a) If Q is dense in Q', then there is an i’ D i such thati' : Q' — ROT(P)isa
complete embedding.
(b) If Q' is forcing equivalent with Q, then there exists an i’ : Q' — RO™T(P)

which is a complete embedding.

(iii) Let R be a P-name for a Jorcing notion. Then i naturally extends to a complete
embedding i’ : Q — P x R.

Proof (i). Obvious.

(ii)(a). For ¢’ € Q' define

(@) =\{i@:qeQ & qg<q'}. (24)

By density of Q in Q’, { i(q) ; ¢ < ¢’ } is non-empty for every ¢’ and therefore i’ (¢’) is
in ROT(P) . If ¢ < ¢ in Q’, then clearly ' (¢})) < i'(¢}).

Assume that i’ (q})) is compatible with ¢’(¢} ), then

i (go) N’ (h) = \/{i(g0) Ni(a1)q0, 1 € Q & g0 < qf & @1 < q}} # Oro(p). (29)

Therefore there are ¢y < ¢} and ¢; < ¢f such thati(qy) and i(¢; ) are compatible. By the
definition of complete embedding, gg is compatible with ¢;. Hence ¢, || ¢}, as g0 < ¢}
and ¢ < ¢}.

Suppose b € RO (P) is arbitrary. Then there is p € P, p < b, by density of P in
RO™(P). Therefore there is ¢ € @Q so that for all ¢* € @Q such that ¢* < ¢, i(¢*)
is compatible with p, hence with b. Now, we need to show that for all ¢ € Q' such
that ¢/ < ¢, i'(¢’) is compatible with b. Let ¢ < ¢, ¢ € @Q’, be given and denote
Qp ={i(g); g€ Q & ¢ <¢ }sothati'(¢") =\ Q. As all conditions in Q) are
compatible with b, and so is i’'(¢).

(ii)(b). By (a) and the fact that @ is dense in RO™(Q) we conclude that there is a com-
plete embedding i* from RO™ (Q) to RO™ (P). Since Q' is forcing equivalent to Q, Q'
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is dense in RO (Q), hence i’ = i* [ Q' is a complete embedding from Q' to RO (P)
by (i).
(>iii). Define

i'(q) = (i(q), 1) (26)
If o < ¢1,theni’(qo) = (i(qo), 1) < (i(q1), 1) = 7' (q1) because 7 is order-preserving.
The same argument holds for the preservation of incompatibility. Let (p, 7*) is arbitrary.

Then there is ¢ € @ such that for all ¢ < ¢, i(¢') || p and therefore for all ¢’ < ¢, i'(¢’)
is compatible with (p, ). O

4 Basic properties of forcing notions

In this section we discuss four basic properties of forcing notions: the chain condition,
Knaster property, closure, and distributivity. We focus on the preservation of these prop-
erties by some other forcing notions. Moreover, we state some variations of the Easton’s
lemma which feature more than two forcing notions or deal with distributivity.

Definition 17 Let P be a forcing notion and let k > N be a regular cardinal. We say
that P is:

* r-cc if every antichain of P has size less than k (we say that P is ccc if it is N1 -cc).

 r-Knaster if for every X C P with | X| = k there is Y C X, such that |Y| = k
and all elements of Y are pairwise compatible.

* r-closed if every decreasing sequence of conditions in P of size less than k has a
lower bound.

¢ g-distributive if P does not add new sequences of ordinals of length less than k.

It is easy to check that all these properties—except for the x-closure—are invariant
under forcing equivalence. Regarding the closure, note that for every non-trivial forcing
notion P which is k-closed there exists a forcing-equivalent forcing notion which is not
even ¥;-closed (the completion RO (P) is never X, -closed).

Lemma 10 Ler k > R be a regular cardinal and assume that P is a forcing notion
and Q) is a P-name for a forcing notion. Then the following hold:

(i) P is k-closed and P forces Q is k-closed if and only if P x Q is k-closed.

(ii) P is k-distributive and P forces Q is k-distributive ifand only if PxQ is k-distributive.
(iii) P is k-cc and P forces Q is r-cc if and only if P * Q is k-cc.
Proof The proofs are routine; for more details see [JechO3] or [Kun80]. O

An analogous statement (iii) for the Knaster property is not in general true: it may
happen that P * () is k-Knaster, yet P does not force that @ is x-Knaster. Consider the
following example: Assume MAy, and let () be an Add(Xy, 1)-name for the X;-Suslin
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tree added by Add(Rp, 1) (see Jech [Jech03] for details). Then Add(Rg, 1) * Q is ccc
by previous lemma (iii) and as we assume MAy, , all ccc forcing notions are N;-Knaster.
Therefore Add(Rg, 1)@ is X;-Knaster, but Add(Xo, 1) forces that @ is not X;-Knaster.

If @ is in the ground model, P Q is equivalent to P x (). Let us state some simple
properties of products:

Lemma 11 Let k > N be a regular cardinal and assume that P and Q) are forcing
notions. Then the following hold:

(i) If P and Q are k-Knaster, then P x Q) is k-Knaster.
(ii) If P is k-Knaster and Q) is k-cc, then P x () is k-cc.

Proof The proofs are routine using only combinatorial arguments (a forcing argument
is not required). a

Note that in general Lemma 11 cannot be strengthened to say that the product of two
k-cc forcing notions is x-cc (this is called the productivity of the k-cc chain condition):
Consider for instance a Suslin tree 7" at X; as a forcing notion; then 7" is Xy -cc, but T'x T’
has an antichain of size N;. A more complicated example can be constructed under CH;
this was first done by Laver in unpublished work, see Galvin [Gal80]. Finally note
that MAy, implies the X;-cc productivity (in fact, it implies that every X;-cc forcing is
N;-Knaster) so there is consistently no such example under —CH.

The following lemma summarises some of the more important forcing properties of
a product P x @) regarding the chain condition.

Lemma 12 Let k > Wy be a regular cardinal and assume that P and Q) are forcing
notions such that P is k-Knaster and Q) is k-cc. Then the following hold:

(i) P forces that () is k-cc.
(ii) Q forces that P is k-Knaster.

Proof (i). This is an easy consequence of Lemmas 10(iii) and 11(ii).

(ii). We follow the argument from [Cum18], attributed to Magidor. Let ¢ € @ be a
condition which forces that { p, ; @ < & } is a subset of P of size k. For each «
choose g, < ¢q which decides the value of p, and denote this value by p,. Now, by the
k-Knasterness of P, there is A C  of size  such that all conditions in { p,, ; « € A }
are pairwise compatible.

To conclude the proof it suffices to show that there is g, which forces that B = { 5 €
Ajqp € G } is unbounded in A. Then if G is a generic filter containing ¢, the set
{pa; a € Blisasubsetof { p$; a < k } of size x and consists of pairwise compatible
conditions.

For contradiction assume that there is no such «. It means that for every o € A we can
find ¢}, < g, and 7, > « such that for all 8 > ~,

. Fqs ¢ G (27)
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In particular ¢, is incompatible with all gg, 8 > 7,, and therefore also with all q;;, 8>
Y- Now, it is easy to construct an unbounded subset A* of A such that all conditions
in{ ¢’ ; a € A* } are pairwise incompatible. This contradicts the assumption that Q is
K-CC. O

Now we mention some properties of the product with respect to the preservation of
the k-distributivity and the x-closure. If P and () are two x-distributive forcing notions,
then the product P x ) does not have to be x-distributive. Again consider a Suslin
tree T at Ny as a forcing notion: T is Ny-distributive (see [Jech03] for the details),
but 7' x T may’ collapse N; and therefore it is not X;-distributive.® See also [DJ74]
for a construction of a homogeneous w;-Suslin tree whose product collapses w, or
[JJ74] for a construction of a rigid w;-Suslin tree whose product collapses w;. For an
example in ZFC, consider a stationary and co-stationary subset S of w;. Since S and
wy \ S are stationary, both forcing notions CU(.S) and CU(w; \ S) (see Definition 5)
are wy ~distributive. Forcing with CU(k \ S) adds a closed unbounded set to CU(x \ 5)
and hence S is no longer stationary in the generic extension V[CU(x \ S)] and therefore
CU(S) is not distributive in V[CU(x \ 5)].

However, if at least one of P and @ is k-closed, then the product is k-distributive.
Moreover, if both P and @ are x-closed, then their product is x-closed.

The following lemma summarises some of the important properties of the product
P x @ regarding the distributivity and closure.

Lemma 13 Let k > N be a regular cardinal and assume that P and Q) are forcing
notions, where P is k-closed and Q) is k-distributive. Then the following hold:

(i) P forces that (Q is k-distributive.
(ii) Q forces that P is k-closed.
Proof The proof is routine. a

We can also formulate some results for the product of two forcing notions with
respect to preservation of the chain condition and distributivity at the same time. The
following lemma appeared in [Eas70].

Lemma 14 (Easton) Let k > Wg be a regular cardinal and assume that P and Q) are
forcing notions, where P is k-cc and Q) is k-closed. Then the following hold:

(i) P forces that QQ is k-distributive.
(ii) Q forces that P is k-cc.

Proof For the proof of (i), see [Jech03, Lemma 15.19], (ii) is easy. a

5 As we already mentioned, if 7" is an X1 -Suslin tree, then 7' x T is not N1 -cc, but it can be X -distributive.
An example of such a tree 7' is the free X1-Suslin tree.

SIf Pisa forcing notion which is X1 -distributive, then P does not collapse N1 ; the converse does not hold
in general. However, if P is a tree of height w1, then if P does not collapse N1, it must be X1 -distributive.
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Let us make a few comments regarding the limits of Easton’s lemma. We cannot
strengthen the conclusion in (i) to the x-closure: Consider for instance P = Add(Rg, 1)
and Q = Add(Ry, 1); it is easy to check that @) is not 8 -closed in V'[P]. Similarly, we
cannot weaken in general the assumption that () is x-closed to the s-distributivity: If T
is an N;-Suslin tree, then 7" is Ny -distributive and ccc and neither item (i) or (ii) holds
for T'. However, in some cases it suffices to assume that () is only xk-distributive:

Lemma 15 Let k > N be a regular cardinal and assume that P and Q) are forcing
notions, where P is k-cc and Q is k-distributive. Then if Q) forces that P is k-cc, then
P forces that () is k-distributive.

Proof Let f be a function from some ordinal < & into ordinals in V[P][Q]; we want
to show that f is in V[P]. Note that V[P][Q] = V[Q][P] and since Q forces that P
is k-cc, f has a nice P-name f of size < & in V[Q)]. Since f has size <  and Q is
k-distributive, f is already in V and consequently f is in V[P]. O

Easton’s lemma 14 can be generalised in many ways. Let us state one such general-
isation which combines the chain condition and the closure in a more complicated way
(it is probably folklore but we have not found a proof so we give one for the benefit of
the reader).

Lemma 16 Let k > R be a regular cardinal, let P, R, S be forcing notions and let
Q be a P-name for a forcing notion. Assume that P x R is k-cc and P forces that Q) is
k-closed. If S is k-closed, then (P * QQ) X R forces that S is k-distributive.

Proof Let use denote (P * () x R by Z. Assume for simplicity that the greatest
condition in Z x S forces that f : k — ORD is a function in V[Z][S] for some fixed
k' < Kk and some name f . We will find a stronger condition which will force that this
function is already in V[Z]. As fis arbitrary, this will prove the lemma.

By induction in V, we construct for each o < ' sequences w® = (((p§,45),75, 53|
B < 7o < K), of conditions in Z x S with the following properties:

(i) Foreach 3 < 74, w§ = ((p§,d3), 75, s3) decides the value of f(a);
(ii) 1p forces that (5 | 3 < 7a) is a decreasing sequence of conditions in Q;
(iii) The set { (pg,75); B < 7o } is a maximal antichain in P x R;
(iv) (s§|B < 7a) forms a decreasing sequence in S;
and for o/, o < o/ < K':
(i) 1p forces that qg/ is below every ¢f, 8 < Va3
(ii) 58/ is below every s3, f < 7a.

We first construct the sequence w® by induction, ensuring as we go the conditions
(i)—(iv) above. Choose w] = ((p9,4q3),r],s) so that it decides the value of f(0).
Suppose wg has been constructed for every 5 < v; we describe the construction of wg.

If ~ is a limit ordinal, first take the lower bound of q'g (denote it ¢') and the lower bound

33



of s% (denote it s), 8 < 7- This is possible by conditions (ii) and (iv), respectively, and
from the assumption that () is forced to be x-closed and S is k-closed. If 7y is a successor
ordinal § + 1, work with ¢§ as ¢’ and s§ as s'.

If possible, choose a condition ((p, ¢),r, s) such that p forces that ¢ is below ¢, s is
below s’, (p,r) is incompatible with all the previous elements (p%, rg)), B < 7, and

crucially ((p, §),r, s) decides the value of f(0). In more detail, if possible first pick any
(¢',") incompatible with all the previous pairs (p},73), 3 < . Then by the forcing
theorem there must be and extension of ((p’, ¢'), 7, s") which decides the value of £(0).
We denote this extension ((p, ¢),, s) (note that p IF ¢ < ¢’). Set wg = ((p,q"),r,s),
where ¢’ is a name which interprets as ¢ below the condition p, and interprets as ¢’
below conditions incompatible with p.

If this is not possible, set 7o = . Note that vy < & since P X R is k-cc.

The construction of w® for a < k' proceeds analogously, while ensuring the conditions
(V)=(vD).

By the r-closure of @ and S, we can take a single limit of all the conditions appearing
in the sequences w® at the coordinates of Q and S—denote these limits ¢ and s, respec-
tively. Let G X F be any Z x S-generic containing ((1p, ¢), 1, s). We want to argue
that we can define f* already in V[G]. Let @ < & be fixed. By the construction
there is a unique pair (p,75) such that ((pg,d3),r3) is in G. This follows from the
construction of the sequences w® that { (p§,7§) ; B < 7o } is a maximal antichain in
P x R by condition (iii). Working in V[G], we can define the right value of f () as the
value which is forced by ((p§,d5), 75, s)- O
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